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Abstract
This paper introduces a new type system designed for safersggprogramming. The type system features
a new mutability model that combines unboxed types with asistent typing of mutability. The type sys-

tem is provably sound, supports polymorphism, and elineigahe need for alias analysis to determine the
immutability of a location. A sound and complete type infere algorithm for this system is presented.

1 Introduction

Recent advances in the theory and practice of programmitguiges have resulted in modern languages and tools
that provide certain correctness guarantees regardingxbeution of programs. However, these advances have not
been effectively applied to the constructionsyfstems programshe core components of a computer system. One
of the primary causes of this problem is the fact that exgstanguages do not simultaneously support modern lan-
guage features — such as static type safety, type inferéngieer order functions and polymorphism — as well as
features that are critical to the correctness and perfoomah systems programs such as prescriptive data structure
representation and mutability. In this paper, we endeavdiridge this gap between modern language design and
systems programming. We first discuss the support for tregieifes in existing languages, identify the challenges in
combining these feature sets and then describe our apptoaeaid solving this problem.

Representation Control A systems programming language must be expressive enougpetify details of rep-
resentation including boxed/unboxed data-structuredagmd stack/heap allocation. For systems programs, this is
both a correctness as well as a performance requirementerS8ygprograms interact with the hardware through data
structures such as page tables whose representationaseditty the hardware. Conformance to these representation
specifications is necessary for correctness. Languaged/lik[16] intentionally omit details of representation from
the language definition, since this greatly simplifies thehm@atical description of the language. Compilers like
TIL [23] implement unboxed representation as a discretipmgtimization. However, in systems programs, state-
ments about representation @rescriptive notdescriptive Formal treatment of representation is required in systems
programming languages.

Systems programs also rely on representation control fdopaance since it affects cache locality and paging be-
havior. This expressiveness is also crucial for interfgaiith external C [9] or assembly code and data. For ex-
ample, a careful implementation of the TCP/IP protocollstcStandard ML incurred a substantial overhead of
up to 10x increase in system load and a 40x slowdown in acwessiternal memory relative to the equivalent C
implementation [1, 3]. This shows that representation g as important as, or even more important than, high
level algorithms for the performance of systems tasks.

Complete Mutability One of the key features essential for systems programmisgpgort for mutability. The
support for mutability must be ‘complete’ in the sense thay bbcation — whether on the stack, heap, or within
other unboxed structures — can be mutated. Allocation ofaimletcells on the stack boosts performance because
(1) the top of the stack is typically accessible from the datehe (2) stack locations are directly addressable and



therefore do not require the extra dereferencing involvethe case of heap locations (3) stack allocation does not
involve garbage collection overhead. This is particulamiportant for high confidence and/or embedded kernels as
they cannot tolerate unpredictable variance in overheadezhby heap allocation and collection. ML-like languages
require all mutableref ) cells to reside on the heap. In pure languages like Haské]) fhe support for mutability

is even more restrictive than ML. These restricted modelsofability are insufficiently expressive from a systems
programming perspective.

Consistent Mutability The mutability support in a language is said to be ‘constsiéthe (im)mutability of every
location is invariant across all aliases over program etieculn this model, there is a sound notion of immutability
of locations. This benefits tools that perform static analgs model checking because conclusions drawn about the
immutability of a location need never be conservative. $bahcreases the amount of optimization that a compiler
can safely perform without complex alias analysis. Polyoh@s type inference systems such as Hindley-Milner
algorithm [15] also rely on a sound notion of immutabilityl Mupports consistent mutability since types are definitive
about the (im)mutability of every location. In contrast, @ed not support this feature. For example, in C it is legal to
write:

const bool =*cp = ...; bool *p = cp; *p = false; // OK!
The alleged “constness” of the location pointed tacpyis a local property (only) with respect to the aligs and not
a statement of true immutability of the target location. Enalysis and optimization of critical systems programs can
be improved by using a language with a consistent mutafiiygel.

Type Inference and Polymorphism Type inference achieves the advantages of static typing avlbwer burden

on the programmer, facilitating rapid prototyping and depenent. Polymorphic type inference (c.f. ML or Haskell)
combines the advantages of static type safety with mucheoddimvenience provided by dynamically typed languages
like Python [18]. Automatic inference of polymorphism silifips generic programming, and therefore increases
the reuse and reliability of code. Safe languages like Javh [C# [4], or Vault [2] do not support type inference.
Cyclone [10] features partial type inference and suppastgmorphism only for functions with explicit type annota-
tions.

The following table summarizes the support available irstaxg languages for the above features and static type
safety:

C/Asm | Safe-C | CCured | Cyclone | Vault | Java | ML | Haskell
Representation v v v
Complete Mutability v v v v v v
Consistent Mutability v v
Static Type Safety v v v v v
Poly. Type Inference v v

In this paper, we present a new type system and formal foiordafor a safe systems programming language
that supports all of the above features.

The combination of mutability and unboxed representati@sgnts several challenges for type inference. Mutabil-
ity is an attribute of thdocation storing a value and not the value itself. Therefore, two egpions across a copy
boundary (ex: arguments copied at a function call) can diff¢heir mutability. We refer to this notion of mutability
compatibility of types agopy compatibility Copy compatibility creates ramifications for syntax-diesd type and
mutability inference. Type inference is further compledtue to well known problems with the interaction of muta-
bility and polymorphism [25]. This has forced a second-skasatment of mutability in ML-like languages and a lack
of inferred polymorphism in others.

We present a sound and complete polymorphic type inferelgogithm for a language that supports consistent and
complete mutability. In order to overcome the challengesepoby copy compatibility, the underlying type system
uses a system of constrained types that range over muyadilit polymorphism. Safety of the type system as well as
the soundness and completeness of the type inferencethlgdrave been proved.

2 Informal Overview

In this section, we give an informal description of our tygstem and inference algorithm. For purposes of presen-
tation in this paper, we defir&, a core systems programming language calculus a direct expression of lambda



calculus with side effects, extended to be able to reflecséimeantics of explicit representation.

Identifiers z = y|z].. Vars a= al|pfly|dle]..
Booleans b= true|false ¢z al|VYa
Indices in= 12| Types pi=  «afunit |bool |7 —7T
Values vi= ()|b|Az.e]| (v, v) |7 x 7|97 | Tp
Left Expr L= z|e | LT 0= plalp
Expressions e:= wv|z|eel|l:= e TI= olslp
|if ethen celse e|e:T Scheme o:= 7 |VYa.r\D
|dup(e)|e” | (e, e) |e.i Ct.Set D:u= 0| {k¥(n)}|DUD
[let z[:7]=ein e Kinds xi= K|Y|Y

The type{r represents a reference (pointer) type adngrepresents a mutable type. The expressiop(e), where

e has typer, returns a reference of typer to a heap-allocatedopy of the value ofe. The” operator is used to
dereference heap cells. Paffs areunboxedstructures whose constituent elements are contiguouslgaaed on
the stack, or in their containing data-structurel ande.2 perform selection from pairs. We defing £ 2 and

12 =1. Thelet construct can be used for allocating (possibly mutablekstariables and to create let-polymorphic
bindings.let xz[:7] = e represents optional type qualification of let-bound vdaab

The Mutability Model B supports consistent, complete mutability. The mutabditpport is complete since the
operator mutates both stack locations (let-bound locats;tion parameters) and heap locatiodsy(-ed values). It
can also perform in-place updates to individual fields ofaxdal pairs. The mutability support is consistent since we
impose the “one location, one type” rule. For example, infdtlewing expression,

let ¢p:fbool =dup(true)inlet p:ft¥bool =cp (* Error )
¢p has the type reference to boglqool ), which is incompatible with that of, reference to mutable-bod}¥bool ).
Unlike ML, := does not dereference its target. The expressions that ge@aapn the left of an assignment are
restricted to left expressions (defined by the above gramnhars not only preserves the programmer’s mental model
of the relationship between locations storage, but alsaresshat compiler transformations are semantics prasgrvi

Copy Compatibility B is a call-by-value language, and supports copy compatibilihich permits locations across
a copy boundary to differ in their mutability. For example tihe following expression:

let fnan=Xz.(z:= falsginlet y:bool =truein fnzn y
the type offnzn is (bool ) — unit , whereas that of the actual argumenis bool . Sincez is acopyof y and

occupies a different location, this expression is type.sa@faus, we writebool = WUbool , whereZ indicates copy
compatibility.

Copy compatibility must not extend past a reference bounidasrder to ensure that every location has a unique type.
We define copy compatibility faB as:

! !
=) T1 =79 T2 =73 T=Dp T1=T] T2= 7o

TXT To T T1T3 T T1 X To 2 T] X Th
Copy compatibility is allowed at all positions where a copyerformed: at argument passing, new variable binding,
assignment, and basically in all expressions where a jgftession is not expected or returned. For example, the

expression£ : 7) : Y7 is ill typed, but the branches of a conditional can have dhifie but copy compatible types as
inif truethen a:7else b:V¥r.

2.1 Type Inference

We now consider the problem of designing a type inferencerdlgn for B. Due to copy compatibility, it is no longer
possible to infer a unique (simple) type for all expressioRsr example, in the expressitet p = true, we know
that the type of the literafueis bool , but the type o could either bédool or ¥bool . Therefore, unlike ML, we
cannot use a straightforward syntax-directed type infegeaigorithm inB.

Itis natural to ask why mutability should be inferred at dlhat is: why not require explicit annotation for all mutable
values, and infer immutable types by default? Unforturyatela language with copy compatibility, this will result in
a proliferation of type annotations. Constructor applmas, polymorphic type instantiations, accessor fundjett.
will have to be explicitly annotated with their types. Fore@xple, if fst is an accessor function that returns the first
element of a pair, and: is a variable of typelbool , we will have to write:

let zyz =dup(fst (m, fals : ¥bool x bool ):{+¥boolin



Therefore, if mutability is notinferred, it results in a stlntial increase in the number of programmer annotataont,
type inference becomes ineffective. Itis desirable thairnifierence algorithm must automatically infer polymogphi
(without any programmer annotations) as well, since thésl¢eto better software engineering by maximizing code
reuse.

Therefore, the desirable characteristics of a type infegeaigorithm forB are:

(2) It must be sound, complete, and decidable without prograr annotations.

(2) It must automatically infer both polymorphism and muligb

(3) It must infer types that are intelligible to the prograemilhat is, it must
avoid the main drawback of many inference systems with bty where
the inferred principal type is presented as a set of equafon inequations.

In order to address the above requirements, we proposeanvafithe Hindley-Milner algorithm [15]. This algorithm
uses constrained types that range over mutability and pmlgmsm in order to infer principal types f@ programs.

Polymorphism Over Mutability In order to infer principal types in a language with copy catilpility, we define
the following constrained types that allow us to infer typéth variable mutability. Let~ be a equivalence relation
on types such that ~ Up. Let 7 \ n denote a constrained type wherés constrained by the set of (in)equatiops
We write :

alp = a\ {a =~ p}: any type equal to base typeexcept for top level mutability.

slp =<\ {s = p}: any type copy compatible with, wheres = o or Uar.

Now, in the expressiolet p = true, we can givep the typex |bool . During inference, the type can later get resolved
to eitherbool or Wbool . The formsa]p ands| p respectively provide fine grained and coarse grained cbower
expressing types with variable mutability. For example:

Type Instances Non-Instances
al(bool x unit ) bool x unit , ¥(bool x unit ) Whool x unit
al(bool x unit ) bool x unit , ¥(¥bool x Yunit ) unit  x bool

Whool x unit , 3](bool x unit )
Wal(bool x unit ) | ¥(bool x unit ), ¥(bool x Wunit ) | bool x unit ,3|(bool x unit )
alftbool ftbool , ¥1frbool Mbool

By embedding constraints within types, we obtain an eleggresentation of constrained types that are self cordaine
The programmer is just presented a type, rather than a tygoei@sed with a set of unsolved inequations. Every type
of the formg¢ | p can be realized through a canonical representation usjpdypes. However, types of the forgi p

are critical for type inference. For example, the typi3 represents a type that is compatible witheven if 3 later
resolves to a more concrete (ex: pair) type.

Since we allow copy compatibility at function argument aatlirn positions, two function types are equal regardless
of the shallow mutability of the argument and return typekserefore, we follow a convention of writing all function
types with immutable types at copy compatible positions.e Trituition here is that the type of a function must
be described in the interface form, and must hide the “irdErmutability information. For example, the function
Az.(z ;= true), has external typbool — unit even though the internal typeisbool — unit

B is a let-polymorphic language. At a let boundary, we woutd tio quantify over variables that range over mutability,
in order to achieve mutability polymorphism. The next seasi discuss certain complications that arise during the
inference of such types, present our solution to the problem

Soundness implications Like ML, B enforces the value restriction [25] to preserve soundnésgotymor-
phic typing. This means that the type afin let z =e¢;in ey can only be generalized i¢; is anim-
mutablesyntactic value. For example, in the expressien id = \z.z, the type ofid before generalization is
Gl (o — «). However, givingid the generalized type€a/s.3](a — «) is unsound, since it permits expressions such
aslet id=Xz.zin( id:= Az.true, id ()) totype check. We can gival either the polymorphic typga.a — «,

or the monomorphic typg| (o — «). However, neither is a principal type fad.

Overloading Polymorphism Due to the above interaction of polymorphism and unboxedability, a traditional
HM-style inference algorithm cannot defer decisions alloemutability of types past their generalization. Therefo
current algorithms fix the mutability of types before getigetion based on certain heuristics — thus sacrificing
completeness [22]. In order to alleviate this problem, we asiew form of constrained types that range over both
mutability and polymorphism.



We introduce constraintg(7) to enforce consistency restrictions on instantiationgeieralized types. The con-
strainty % (7) requires that the identifier only be instantiated according to the kingl wheresr = or V. If s =1,
the instantiation ofr must be monomorphic. That is, all useszofmust instantiate to the same type’. Here,r’
is permitted to be a mutable type. M=V, different uses of can instantiate differently, but all such instantiations
must be immutable. At the point of definitiole{ ), if the exact instantiation kind of a variable is unknowre add
the constraingk’(7), wherex ranges over) and¥. The correct instantiation kind is determined later basedhe
uses ofz, and consistency semantics are enforced accordingly. @hiablez in % (1) represents the program point
(let ) at which this constraint is generated. We assume that Hrereo name collisions so that every suchames a
unigue program point.
In this approach, the definition af will be given the principal constrained type:

let id=MXz.zin e id Yapf.Bl(a— o)\ {68l a— a)}
Every timeid is instantiated to type’ in e, the constraints?, (') are collectede is declared type correct only if the
set of all instantiated constraints are consistent for seni¢ote that we do not quantify over

Example ofe Constraint set Kind assignment
(4d true, id () {*;(bool — bool ), %% (unit — unit )} K=Y
id = \r.g {5 (T (y — 1)} K1)
(id true, id := Az.()) | {*ki;(bool — bool ), %7 (¥(unit —unit ))} | Type Error
(id, ud) {Kia(B1l(on — o)), *iy(B2l(az — a2))} K—yory

The final case type checks with either kind, under the typégas®nts {; =as, 81 =02) if x+— 1 and

(81 = a1 — a1, B2 = ag — ag) if K+— V. The intuition behindk (1) constraints is to achieve a form overloading
over polymorphism and mutability. We can think#f:(7) as a type class [11] constraint that has exactly one pgssibl
mutable instancek ¥ (,,,), and an infinite number ok Y (,,) instances where all typ&s are immutable.

In practice, once the correct kind of instantiation is inéet, the type scheme can be presented in a simplified form to
the programmer. For example, consider the expredsionf = Az.if z"then ()else ()in( f m, f n), where

m : {f¥bool andn :fibool . Here,f :Vaps.Bl(ftalbool — unit )\{*F(8l(falbool — unit ))}. However,
based on the polymorphic usage, we conclude that V. We can now simplify the type scheme pfto obtain

f :Va.falbool — unit . Since all function types are immutable, the mutability lo¢ argument type need not
be fixed, thus preserving mutability polymorphism. In ortierensure that type inference is modular, %€ (7)
constraints must not be exposed across a module boundargvery top-level definition in a module, an arbitrary
choice ofk =1 or k =V must be made for every surviving’ (r) constraint.

In summary, we have used a system of constrained types tprdegiolymorphic type inference system that meets all
of the design goals set at the beginning of this section.dm#xt section, we present a formal description of our type
system and inference algorithm.

3 Formal Description

Locations L= 1|4 Stack S:= 0|S/I—w

StackLoc 1= |la]... Heap Hi= 0|H {—wv

HeaplLoc (:= (1|l .. Env. r:= 0|l,z—o

SelPath p:u= i|p.p StoreTyp Y= 0|X, LT

Values viz o |l Subst 0= O|la—7]|[k— 2|06
Expr = Unf.Ctset C:= D|{r=7}|{s=s}|CUC
LeftExpr [:= .|l Redex R:i= -|Re|lvR|£:= R|dup(R)
Syn.Val wvi= wvl|z|l|(v, v) | R™ |if Rthen celse e| (R, e)
Ivalues L= 1| |Lp|l. p [(v,R) |R.i|let *z=Rin e

Figure 1: Extende@ grammar

In order to formalize the semantics Bf we extend the calculus with stack and heap locations (Fid4&ap locations
are first class values, but stack locations are not. Furtherannotate allet expressions with a kind Jet ¥:
monomorphic, possibly mutable definition, aled ¥: polymorphic definitions. The two kinds dét expressions



Rule Pre-conditions Evaluation Step
E-Rval S() =v S;H; 1= S;H;v
E-# S;Hie=S;H; ¢ S;H;R[e] = S; H'; R[e’]
E-App | ¢ dom(S) S;HAz.e v = S, 1— v; H; e[l/z]
E-If by =true by =false S; H;if b, then e; else ez = S;H;e;
E-.i S; H;(v1, v2). i=S;H;v;
E-Dup ¢ ¢ dom(H) S;H;dup(v) = S;H,£ — v; £
EL-"# S;Hie=S;H; € S;H;e” =S H ;e
E-" HE@)=v S;H;¢" = S;H;v
E-=# S;H;l= S H U SiH;l:= e=> S H; I = e
E-:=Stack S/l v H; 1= v =S, I/ H; ()
E-=Heap SiHL— v, €= v = S;H L v';()
E-:=S.p vfi=vgi S, I— v H)l.p:= vé S, l—(v1, v2);H;li.p:= v;
=S, l— vl H; () =S, (v}, v5); H; 0
E-:=H.p v{i=vgi S;iHA— v 00 pi= v; S;H £ — (v1, v2); €. i.pi= vi
= S;H, L v () =S;H,L— (v], v5);0
E-Let-M | ¢ dom(S) S;Hilet Y z=wvyin ez =S, l— v1; H; eall/z]
E-Let-P S;H;let Yz =vyin ey = S;H;ea[vy/z]
Figure 2: Small Step Operational Semantics
T A7) v(7) A(7) v(r) 3(7) hlkalls
« W @ W o o {a}
unit Wunit unit Wunit unit unit 0
bool Whool bool Whool bool bool 0
T1L— T2 V(ry — T2) TL— T2 U(ry —7T2) | 71— T2 T1 = T2 {71t U {Ir2l}
T v T WA T 13(7) i
Up A(p) v(p) A(p) v(p) I(p) {Inlt
T1 X T2 ‘I’(A(Tl) X A(Tg)) V(T]) X V(Tz) \I’(T] X T2) T1 X T2 j(‘l’l) X j(Tz) {ITl‘} U {|T2‘}
alp A(p) v(p) A(p) v(p) 3(p) {alp} U {lpl}
slp Alp) v(p) A@Qlp Yl I(p) {slp} U {pl}
T Immut(7) Mut(7) O(r) 0(t)
a false false false Tif[a— 7] € 0, elsea.
unit true false true unit
bool true false true bool
T1— T2 true false true 0(1T1) — 0(12)
T Immut(7) Mut(7) O(r) MO(T)
Wp false true O(p) o (p)
T1 X Ta Immut(71) A Immut(7z) Mut(71) V Mut(72) O(r1) AO(72) 0(T1) X 6(T2
alp false Mut(V¥(p)) O(p) o’ |0{p) if 0{a) =a’
pif 0a)=p" #a’
slp false Mut(s) V Mut(s7(p)) O(p) s"16(p) if B(s) =<
oif () =0#¢’

Figure 3: Operations and Predicates on Types

have different execution semantics. We widé “ to range over the two kinds ¢t expressions. This distinction
is similar to Smith and Volpano’s Polymorphic-C [21]. Hoveevunlike Polymorphic-C, let-kind imeta syntaxand

is not a part of the input program. The correct kindetf is inferred from the static type information. We do not
show the semantics for type-qualified expressions as treetyisial.

Dynamic Semantics The system state is represented by the triple & Ebnsisting of the stack S, the heap H, and
the expression to be evaluated. Evaluation itself is a two place relationlSe = S'; H’; ¢’ that denotes a single step

of execution. Fig. 2 shows the evaluation rules for our cargjlage. We assume that the program is alpha-converted
so that there are no name collisions due to inner bindingdlowimg the theoretical development of [6], we give
separate execution semantics for left evaluation (execwt left expressionson the LHS of an assignment, denoted
by =) and right evaluation-§-) respectively.

Since the E-Dup and E-" rules work only on the heap, we can cayyure references to heap cells. Stack locations
cannot escape beyond their scope since E-Rval rule perfionpigit value extraction from stack locations in rvalue
contexts. State updates can be performed either on the stamkthe heap (E-:=* rules). The stack is modeled as
a pseudo-heap. This enables us to abstract away detailsasudbsure-construction and garbage collection while
illustrating the core semantics, as they can later be reifidependently.

The execution semantics do not perform a copy operationlinagles where copy compatibility is permitted. For
example, the E-If rule does not introduce a copy step in tladiring expression. Sinde -expressions are not
Ivalues, they cannot be the target of an assignment. Threrdfte value that either branch evaluates to, can itself be
used in all cases where a copy of that value can be.



Static Semantics Fig. 3 defines several operators and predicates on types/éhase in this section. The operators
A andv respectively increase and decrease the shallow top-lewvilbiiity of a type./A andsy maximize / minimize
the mutability of a type up to a reference or function bougdarremoves all mutability in a type up to a function
boundary. We writer, X 7, as shorthand fow(r1) = ¥(72) and m; < 7, for v(71) =v/(72). In our algebra of
types, the mutable type constructor is idempotd@n¥ ¢ = ¥r). We also define the equivalencesd;p = a|p’, where
p~ p ands|p=c<|p’, wherep = p'. The predicatedmmut andMut identify types that are observably immutable
and mutable respectively. Thé(r) predicate tests if the type is concretizable by fixing variables that range over
mutability.

6(r) denotes the application of a substituttban = as defined in Fig. 33(e) performs substitutions for annotations
in e. { 7|} denotes the set of all constrained types and unconstrajped/ariables structurally presentin 6( ) and
{ |} are extended te, ', 33, and{7} in the natural, capture-avoiding manner.

Definition | (Canonical Expressions). An expressiore is said to becanonicalif all let expressions ire are
annotated with one of the kindsor V.

Definition Il (Consistency of Constrained types). Letmtv(7), Mtv(7T), andntv(7) be the set of all type variables
appearing in{7} constrained byx|p, by ¢|p and unconstrained respectively. We say that the set of t{/ppss

consistent, writterll- {7}, if: (1) For all {a]p, a|p'} C {7}, we havep < /.
(2) Forall {cp, <'1p'} C {7[} suchthat < ¢, we havep = /.
(3) mtv(7), Mtv(7T), andutv(7) are mutually exclusive.

Definition Ill (Consistency of substitutions). A substitutior? is said to be consistent over a set of type$, written
0 II- {7} if: (1) IF 6{7].

(2) For all o] p € {|7[}, we havéd(a) = 3, or 6(cr) = p’ such thaty’ < 6(p).

(3) For all | p € {|7[}, we haved(c) = <’, or 8(c) = p such thato <= 6(p).

Definition IV (Consistency of % constraints). A set ofsk constraintsD is said to be consistent, writtep= D if:
(1) For all %Y(7) € D, we havdmmut (7).

(2) For all %% (71) ... %% (r,) € D, we haver; = ... = 7,,.

(3) Forall %71 (71) € D and?(72) € D, »1 # s impliesz # y.

Declarative Type Rules Fig. 4 presents a declarative definition of the type systeff.din this type system, copy
compatibility is realized througbopy coercior{<:) rules that are similar to subtyping rules (S-* rules in.F4y. Since
reference typegr are handled only by S-Refl, types cannot coerced beyond ienefe boundary. Also, two function
types are coercible only if they are structurally identiddére, the contravariance/covariance of argument/rejyoes

is unnecessary as we can follow a standard convention wsftec to the mutability of argument/return types at copy
positions. The rules for typing expressions (T-* rulesjaaliuce these coercions at all copy-compatible positions.

The type judgmerD; I'; X - e : 7 is understood as: given a binding environminind store typing:, the expression

e has typer subject to the set ok constraintsD. We write e <: 7 as a shorthand fo¢ : 7/ andr’ <: 7, for some
type7’. The rule T-Lambda permits the interface type of a functierdifferent from its internal type, as explained
in Sec. 2.1. The rule T-App introduces copy-coercions atiagnt and return positions of an application. T-Let-M
rule typedet expressions monomorphically, and thus requirést a¥ annotation. In this case, the expressiqris
permitted to be expansive (i.e. need not be a syntactic vglu€he T-Let-MP rule typetet expressions where the
expression being bound is a syntactic value. It assigagonstrained type scheme along with the constrifi{r).
The T-Id rule instantiates types and constraints. Theimistged constraints are collected over the entire deovaso
that we can enforce instantiation consistengy, @ identifies fresh type variables.

We prove the soundness of our type system by demonstrathjgatueduction. Here, we prove that the type of an
expression is preserved exactly by left-execution, whitsuees that the type of a location does not change during the
execution of a program. We also show that right executiongmees types except for shallow mutability. The result of
a right execution can only be used in copy compatible passtior as the target of a dereference. In the former case,
preservation of shallow mutability is unnecessary, anth@later, the type within the reference is preserved exactly

The interesting case is the safety of polymorpkic expressions. The T-Let-MP rule does not require that the typ
7 being quantified over be immutable, but adds ##(7) constraint. Now, if we have a derivatidp; I'; X F e : 7
such that|= D, then one of the two cases must follow. (1) If any instargiaf r is mutable, thens = . In this
case, execution proceeds through the E-Let-M rule, whielatera stack location far. Thereforer is permitted to
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Figure 4: Declarative Type Rules

be the target of an assignmen D guarantees that all instantiationsmofre identical, which ensures that the type
of a location cannot change. (2)fis instantiated polymorphically, thea = V. Execution proceeds through the
E-Let-P rule, which performs a value substitution. Helee,D guarantees that all instantiations are deeply immutable.
Therefore,z cannot be directly used (in the formsor z. p) as the target of an assignment, which ensures that the
value substitution cannot lead to a stuck state.

Definition V (Consistent Type Derivation). Let{D; T'; ¥+ e: 7|} denote the extensiofp [} function to the set
of all types used in the derivation @; I'; X+ e¢: 7. We say thatD; I'; Xk e: 7 is a consistent derivation if
D;T; Xk e:7rforsomeD’ CD,and - {D}U{D;T; X+ e: 7|}

Definition VI (Stack and Heap Typing) A heap H and a stack S are said towell typedwith respect td", ¥ and
D, writtenD; I'; ¥ K H + S, if:

(1) dom¥) = dom(H) U dom(S)

(2) V¢ € dom(H), D; T; £ & H(¢) : T such thats(l) = 7

(3)Vl € dom(S),D; T'; ¥ K S(I) : 7 such that:(1) L7

Definition VII (Valid Lvalues).  We say that an Ivaluef is valid with respect to a stack S and heap H, writ-
ten H+ Sk £ if for somep, either (1) £ =1 or £ =1I.p where le domS); or (2) £=¢ or £=1{. p where
¢ € dom(H).
Lemma | (Progress). If e is a closed canonical well typed expression, thafisf); ¥ & e : 7 for somer and X,
given any heap and stack such tht(); X & H+ S,
(1) If e is a left expressiond = 1), thene is either a valid lvalue (that isg = £ and
H+ Sk £)orelsed ¢/, S, H suchthatS;He = S; H’; €.
(2) eisavaluev orelsed ¢/, S, H suchthatS; He = S; H’; ¢'.

Lemma Il (Preservation). For any canonical expression if D; I'; Xk e: 7,D; T'; ¥k H+ Sand | D then,
D) IFS;H;e= S;H’; ¢/, thend ¥ D X suchthatD; T'; ¥k e : 7
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Figure 5: Type Inference Algorithm

andD; T; ¥ K H + S.
(2)IfS;H; e = S;H’; ¢/, then,3 ¥’ D X suchthatD; I'; ¥' i ¢’ : 7/,

D;I; ¥k H + Sandr < 7.
Definition VIII (Stuck State). A system state S; H is said to bestuckif e # v and there are no’SH’, ande’ such
that S; H;e = S; H’; ¢'.
Theorem | (Type Soundness). Let= denote the reflexive-transitive-closure-ef For any canonical expressian
fD;0; Sk e:7, D;0; S H+S, =D, andS; H;e = S; H’; ¢/, then $ H’; ¢’ is not stuck. That is, execution
of a closed, canonical, well typed expression cannot leadgtuck state.

Type Inference Algorithm Type inference is a program transformation that acceptsgrpm in whichlet ex-
pressions are not annotated with their kinds, and retussdime program witlet expressions annotated with their
kinds and all expressions annotated with their types. The igference algorithm is shown in Fig. 5. The inference
judgmentl’; ¥ ke : 7 | C is understood as: given a binding environmErdnd store typind:, the expressior has
typer subject to the constraints

The inference algorithm introduces constrained types efthmc | p at all copy compatible positions. For example,
the I-App rule introduces copy compatibility for the furanitype itself, the argument and the return types. The I-Sel
rule represents the pair type aja] 3 x v]d), which (1) permits top-level mutability of the pair type be either
mutable or immutable (2) ensures that the type of the seleddiexactly same as the type of the field being selected
(3) propagates full copy compatibility “one level down.”

The unification algorithm is shown in Fig. 6. The unificatiohaoconstraint set either fails with an errorL, or
produces the paif D, 0) . 0 is a solution for all equality constraints and some of geonstraints irC. D is the set
of % constraints irC on which# has been applied) represents disjoint union of sets.

The U-Ct* rules perform unification of constrained typeshwitther constrained or unconstrained types. First, im-

mutable versions of the two types are unified to establishpadinility (through constraints involving': and l).
Then, the constrained type is made to exactly equal the ¢gperby unifying its variable part with the other type.
The key observation here is that the copy compatibility ipec&l restricted form of subtyping. Since the type of the
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Figure 6: Unification Algorithm

copy can be anywhere in the lattice of copy compatible typelstyping requirements are always with respect a local
maxima (the most immutable compatible type). We explog tleéhavior to design a simple unification algorithm that
only uses equality constraints over constrained types.

The U-Om1 ensures that all instantiations of monomorphid ldre the same. U-Op1 rule forces any concretizable
instantiation of polymorphic kind to be immutable. The U-@mle infers monomorphic kind based on the mutability
of the instantiated type, and U-Op2 infers polymorphic kifralvariablez is instantiated polymorphically to two types
that do not inter-unify.

Definition IX (Constraint Satisfaction). The satisfaction of a constraint s€tby a substitutior? is defined as
follows.

V (r1=72) €C,0{(r1) =0(r2) V (k=3)€C,0(k)=0(s) 0k, C~D
D ={0(k7(n)) [ K7 (1) €C} __ED
0k, C~D 0. C~D

Definition X (Notational Derivations). We write:
MDo;T;Xke:7|DIfT; Xhe:7|C, 0K, C~D,andd |- {T, X, 7, C}
(2)0; D; ;X k e: 7if O(Dy; 6(I'); 0(X) K 6(e) : 0(1)

Lemma Il (Correctness of Unification). If 4(C)= (D, 0) , thend t,, C ~ D

Lemma IV (Satisfiability of Unified Constraints). If U(C) = ( D, 6,) , then there exists a substitutién such that
0005k, C~D.

Lemma V (Principality of Unification). If u(C) = (D, 0,),whereC is a set of constraints obtained from the type
inference algorithm, then, for a#l, such that, k,, C ~ D', we have), D 6,,.

Lemma VI (Decidability of Unification). The problem of computing a canonical derivatiord{€) for an arbitrary
C, where no two applications of U-Sym rule happen consedytivelecidable.

Theorem I (Soundness of Type Inference).If 6; T'; X s e : 7| D, then
0, D, 1 Xk e
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Lemma VII (Type Checkability). fT;Xke:7|CandU(C)= (D, ), then3 ¢ such that = 6'(D) and
0o 6'(e) is canonical,and o 0’; D; T'; Sk e: 7.

Theorem Il (Completeness of Type Inference). If §; D;T; ¥k e: 7, then there exists & D 6 such that
0;T;Xke:7|D.

4 Related Work

Grossman [6] provides a theory of using quantified types witperative C style mutation for Cyclone. However, his
formalization requires explicit annotation for all polynphiic definitions and instantiations. In contrast, we halie
that the best way to integrate polymorphism into the systpragramming paradigm is by automatic inference. A
further contribution of our work (in comparison to [6]) isghwe give a formal specification and proof of correctness
of the inference algorithm, not just the type system. Cyelfd®] uses region analysis to provide safe support for the
address operator. This technique is complementary to our work, ardle used to incorporageoperator inB.

C’s const notion of immutability-by-alias offers localized checkirof immutability properties, and encourages
good programming practice by serving as documentation @ajia@mmers’ intentions. Other systems have proposed
immutability-by-name [2], referential immutability [124] (transitive immutability-by-referencegic. These tech-
nigues are orthogonal and complementary to the immutgtiljtlocation property irB. For example, we could have
types like €onst W) that can express both global and local usage propertiesocbéion.

A monadic model [13] of mutability is used in pure functiot@hguages like Haskell [14]. In this model, the type
system distinguishes side-effecting computations frome mnes (and not just mutable locations from immutable
ones). Even though this model is beneficial for integratidth werification systems, it is considerably removed from
the idioms needed by systems programmers. For example @swagues that there is no satisfactory way of creating
and using global mutable variables using monads [7]. Thave been proposals for adding unboxed representation
control to Haskell [12, 8]. However, these systems are pudetlaerefore and do not consider the effects of mutability.

Cqual [5] provides a framework of type qualifiers, which canused to infer maximatonst qualifications for C
programs. However, CQual does not deal with polymorphistyés. In a monomorphic language, we can infer types
and qualifiers independently. Adding polymorphism to CQualld introduce substantial challenges, particularly
if polymorphism should be automatically inferred. The igfiece of types and qualifiers (mutability) becomes co-
dependent: we need base types to infer qualifiers; but, veenaled the qualifiers to infer base types due to the value
restriction.B supports a polymorphic language and performs simultanedeience of base types and mutability.

5 Conclusions

In this paper, we have defined a language and type systemdtarsyg programming which integrates all of unboxed
representation, consistent complete mutability suppod,polymorphism. The mutability model is expressive etoug
to permit mutation of unboxed/stack locations, and at theestime guarantees that types are definitive about the
mutability of every location across all aliases.

Complete support for mutability introduces challengestjge inference at copy boundaries. We have developed a
novel algorithm that infers principal types using a systeneanstrained types. To our knowledge, this is the first
sound and complete algorithm that infers both mutabilitg palymorphism in a systems programming language with
copy compatibility.

The type inference algorithm is implemented as part of th€ R0] language compiler. The core of the compiler
involves 22,433 lines of €+ code, of which implementation of the type system accountalfout 7,816 lines. The
source code can be obtained fréwtp://bitc-lang.org
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A Properties of B Type Algebra

Syntax

Cmp. Constraints ci= ala~plap
Cmp. ConstraintSets C::= (| {c} |CuC
Poly. Constraints di= KZ(1)
D
u

Poly. Constraint Sets 0|{d} | DUD

Unf. Constraints T=7|K=32]|d

Unf. ConstraintSets C:= 0 |{u}|CcucC|CuC
Solvable Entities w T|Clo|T|Z

We represent mathematical properties as: assumption, subject. As a matter of notational convenience in the
case of substitutions, we writé;_, to meand,, o 6,. We also abbreviate substitution over s&t§...}) as6{...}. The
operatord represents the disjoint union of sets. Theperator denotes mutual exclusion of sets. Thatisp ya iff

x1 N x2 = 0. As is customary, we writg @ y2 @ x3 iff x1 @ x2 andys @ xs.

Definition 1 (Algebraic equivalences)n our algebra of types, we define the following equivalenie®&p = W p. That
is, the mutable type constructor is idempotent.

Definition 2 (Structural Containment)We define a structural containment relatiore w as follows:

1. 7 € 7' if 7 is structurally present as a part of.
2.trevar ifre{alorrer.

3. 7el'ifdz— o el suchthatr € 0.

4. reXifIL— 7" €X suchthatr € 7.

5. 7ewif r €w, foranyw € {&}.

Definition 3 (Well-formed Substitutions)A substitutiorf is said to be well-formed with respect to a senteKcia
the above grammar if:
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1. 0 is idempotent.

2. §(X) is still a valid sentence in the same language.

The first condition requires that for ar¥, 6(X) = 6(6(X)). The actual condition we require here is that the sub-
stitution 0 satisfies the occurs check. Since any substitution thatfigstithe occurs check can be written equiva-
lently as an idempotent substitution, we require this giesrproperty without loss of generality. This means that
substitutions such asy[— 3] o [ — unit ] are not well formed, and must instead be written (equiviigras:

[ — unit ]o[B— unit ]. Animplication of idempotence is thaibm(#) @ rangg).

The second condidtion requires that the substitufiaioes not violate the syntax of the language. For example, the
substitution § — (3| 7] is not a well formed substitution oW «. In the rest of the document, we say substitutions to
mean well-formed substitutions unless otherwise specified

Definition 4 (Specialization) We writer; C 74, that is,r, is a specialization of (or less general thary)iff 3 6 such
thatT; = 6(r3). We writer; J 75, thatis,r; is more general tham. iff 7o C 7.

We writef); C 05 iff 36 such that); = 6 o 5. We writef; 3 6 iff 65 C 0.

Definition 5 (Constraint Satisfaction)We write6 =, C to denote the fact that the substitutiérsatisfies the set of
constraintsC as defined below:
) *f(ﬁ) *f(Tn) eD,71= ... =Ty
V %7 (r) € D, Immut(7)
V % (r1) € Dand%;?(12) € D, 71 # s impliesz # y

=D
Y (7'1 = 7'2) EC,9<7’1> = 9<7'2>
V (k= %) €C,0(k) = 0(x) oL, C~D ED
D={V (k7 (7)) | k(1) €C} 0F.C~D

0k, C~D

Definition 6 (Application to Solvable Entities)If F is a function fronr to {7}, we extend the definition of the function
to all solvable entities (that isy to {}) as follows:

F(Vvar\D) = F(r)UFD)\ {a}
F(F) = UF(UJ'),V Tjr>0; el
F(E) = UF(Tj),VLj'—*TjGZ
We also write
Fw) = UF(w)
F({@}) = UF(w)
F(0) = F(dom@®)) U F(rang€®))
Flar) = F(a)
Fla~7) = F(a)UF(1)
Flar) = F(a)UF(1)
F(T1:T2) = F(Tl)UFTQ)
F(x7(r)) = F(r)
F(¢) = UF(u),VujeC
F(C) = U F(Cj), \4 Cj € C

Definition 7 (Constraint Collection) {|7|} denotes the set of all constrained types and unconcstraypedvariables
structurally present irr, as defined in Fig. 3.

The{|r[} relation, is extended t§w[} through theF operator (Definition 6), except in the case of type schemgs (
Here, we take a monomorphic view of constraints embeddggeédchemes and defifje[} as:

{var\D} = {r}u{D}
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The collected constraints can be understood to be workirgy flat overlay type system, which operates above the
tree-structured underlying type system that respectabéiquantification.

Definition 8 (Free Type Variables)We denote the set of free type variables in a typs ftv(r).

ftv(a) {a}
ftv(unit ) {}
ftv(bool ) {}

ftv(f7) ftv(r)
ftv(Wp) ftv(r)

ftv(r1) U ftv(ro)
ftv(r1) U ftv(ro)
ftv(a) U ftv(p)
ftv(s) U ftv(p)

ftv(ry — 72)
ftv(ry x 72)
ftv(alp)
ftv(clp)

Definition 9 (mtvs, Mtvs, Ntvs) mtv(w), Mtv(w), andntv(w) denote the set of all type variables appearing.in
constrained byx| p, by<| p and unconstrained respectively.

1. mtv(7) = {a | alp € {7}}
2. Mtv(7) = {or| el p € {7} or Yl p € {7[}}
3. utv(7) = {a | a € {I7}}

Definition 10 (Compatibility Constraint Set)We writelR(C) if the constraint se€

1. Atype variablex appears at most once i in only one of the positionsy, « ~ p, or a = p.
2.V a~peC,p=9(p).
3.V axpelC, p=v(p).

We writedom(C)={a|a € C,a~pe C,ora™pe C}. We writerangdC) = {p|a~p e C,ora>pe C}.

Definition 11 (Consistency of Maybe types)or any constraint se€ such thatt(C), we writeC I 7 to denote that
fact that the constraints embeddedrimre consistent witiC. Similarly forC IF {@}.

a eC a~peC pxyp

ClFa ClFaly

a2peC ¢Xa pLy  Cl-{w}
Clkclp Cl-{w}

{7y ={7}y Vre{7},Clr 3 C|ClIF{w}
CIF {7} I {w}

Definition 12 (Consistency of substitutionsA consistent substitution is a well formed substitutiont tth@es not
violate the constraints embedded as maybe types.

YV alp € {@l}, 0(a) = Borb{a) = p' | ' < 6(p)
V clp e {@f} 0(c) =<' or8(c) = 0| 0 = 6{p)
0 = {&}

0 {wy I-6{w]}
01 {@}

Lemma 1 (Properties of consistent types) 1. Il {w} iff
@ ¥ {alp, alp'} C {{@], we have = p'.
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() V {<lp, <'lp'} C {@]} such thak < ¢/, we havep = o
(c) mtv(w) @ Mtv(w) @ ntv(w)

2. IfCl- {w}, then - {@}.
3. If IIF {&@}, then3 C such thatC I {c}.

E

If IF{wp}, Clk{ws} and{w;} C {wp}, thend C’ O C such thatC I+ {wy}.

I+ {w} iff I- {w]}

CIF {w} iff C IF {wl

If CIF {@}, thenftv({@}) C dom(C).

If CIF {&} anddom(C) = ftv({w}), thenftv(rangdC)) C ftv({w}).

© N o v

Proof. Evident from Definition 11. O

Lemma 2 (Weakening of Consistency)f {wz} C {@1}, then,

1. Cl+ {@r} impliesC I {&z}

- {w1} implies lI- {@z}

0 &, {w1} impliesd |=, {wz}

0 II- {1} impliesé IF {w3}

. IfC I {w}, thenv C’ O C such thatrR(C’), C' IF {w}.
If0 I+ {w}, thend =, {0}

If 6 1I- {@}, then IIF 64w}

N o o M w0 N

Proof. Evident from Definition 11 and Definition 12. O

Lemma 3 (Substitution Canonicalizationfor any typer and substitutior®, such that) =, {7}, we have:

L v(©{v (7)) = v(6(A(7))) = ¥(0(7))
2. A(O(A(7))) = A(0(V(7))) = A(6(7))
(
(

B

3. v(0{v(1)) = V(O(A((T))) = v(6{))
4. AO(A(T)) = AO((1)) = AB(T))
Proof. By straightforward induction on the structureaf O

Lemma 4 (Substitution over mutability Minimization)lf 6 =, {71, 72}, then

IR

1. 7 A2 T2 imp|i959<7'1> 9<7'2>

0(r2)

1<

2. 71 = 75 impliesd(r,)

Proof. 1. Property 1: We have; < 5. Thatis,¥(r1) = ¥(r2). Therefore, we must haw v(r1)) = 6(V(72)),
and further¥(0(¥(71))) = ¥(6(V(72))).
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2. Fromé &, {1, 72} and Lemma 2 (weakening), we hal/é=, 7.

3. Now using case(2) and Lemmag3, we obtam(6(V(r1)))=V(0(r1)). Similarly, we obtain
V(0(V(72))) = ¥(6(72)).

4. Substituting the results of case (3) in case (1), we obwéftir1)) = ¥V(6(r>)). Thatis,f(r1) = 6(rs).

5. Property 2: Similar to Property 1.

O
Lemma 5 (Aggregation of Consistency) 1. If0 =, {&w1} andf &, {@z}, thend i, {w1, w3}.
2. IfCI-{wr} andC I {wz}, thenC I+ {w7, w3}.
Proof. Evident from Definition 12 (consistent substitution) andibiéon 11 (consistent types). O

Lemma 6 (Strengthening of Consistencyif

1. C“— {Tl, Tg}

2.0k, {11, T2}
3. 0(C) I 0{|71 ]}
4. dom(f) N ftv(rs) C ftv(r1)

Then,6(C) I+ 82}
Proof. Let C, = 6(C). The proof is by induction on the structurenf. We proceed by case analysis on the final step.

1. From premise (1) and Lemma 1 (property-3), we obtaih {|71, 72[}. Using Lemma 2 (weakening), we obtain
Cl-{r1}, ClIE{m1[}, CIF {72}, andC I {72}

2. Casery = a. Due toC IF {72}, we haver € C. We proceed by further case analysis.
(a) Case ¢ —r7]¢0: Here, 60(r2) =72 =q. Since O{a) =, a €Cs,. Further,
{72} = 0{af} = 0{a} = {a}. Now, it is evident thaC; I 6{|72]}.
(b) Case { — 7] ¢ 0: Here,0(r2) = .
i. Sincea € dom(#), due to premise (3), we havec ftv(r1), and due to premise (Xn} C {71}
ii. Thereforef{a} C 0{r1[}. Thatis,{r} C 0{ =]}
iii. From case (3.h.ii), premise (3), and Lemma 2 (weakeping obtainC; IF {7}.
iv. We know that{|r2[} = {|af} = {a}. Thereforef{ 2} = 0{a} ={7}.
v. From cases (3.c and 3.d), we conclude thatt 642 [}.

3. Caser, = ap:

(a) Due to premise (1), we have~ p. € C, for somep, s D

(b) By induction hypothesis, we haeg, I- 6{ p[}. Note that we do not apply induction hypothesiscosince
it is not an independent first-class component of the type

(c) Since{|raf} ={plt U {alp}, 0{r2l} = 0{pl} UO{alp}. Given the hypothesis in case (3.b), if we have
Cs IF 0{a]p}, we can prove; |- 0{a|p} using Lemma 5.

Now, we proceed by further case analysis to prévet 6{«|p}.
(d) Cased{a) = a: Thatis,a ¢ dom(f). Here,0{a|p) = a|6{p).
i. Sincea ~ p. € C, we havex ~ 6{p.) € Cs,.
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ii. From p, = p, premise (2), and Lemma 4, we obt#ifp.) = 6(p).
iii. From cases (3.d.iand 3.d.ii) and Definition 11, we obt@i IF «|6{p). That is,C; IF 6{«|p).
(e) Casd(«a) = 3: Here,0{(«]p) = 5]0(p).
i. Sincea € dom(#), due to premise (3), we havee ftv(71). Due to premise (1), Definition 11, and
Lemma 1 (property-1), it must be true thiat|p;} C {|71[}, for somep; < p.
ii. Therefore{3|0{(p1)} C 6{71}
iii. From premise (3), case (3.e.ii) and Lemma 2 (weakening)obtainC; I+ 3]0(p1).
iv. From case (3.e.iii) and Definition 11, we conclude that p. € C, such thap, ~ 0(p1).

v. From case (3.e.i), premise (2), and Lemma 4, we oltgin) < 6(p). Using this with case (3.e.iv),
we conclude thap, < 6(p).
vi. From cases (3.e.iv and 3.e.v), and Definition 11, we obail- 3]0(p). Thatis,Cs IF 6{a]p).

(f) Cased{«) =p': Here,0{alp) = p'.

i. Similar to case (3.d.i), we haiex| p1 } C {|71[}, for somep; < p. Therefore{p'} C 6{7[}.
ii. From premise (3), case (3.f.i) and Lemma 2 (weakening)pwtainC, I {p’}. Thatis,C; I 0{«|p).

Casers = a| p: Similar to case (2).
79 = alpandry = | p are trivial.

79 = Up andr, = {75 follow from induction hypothesis.

N o A

T9 =74 — 74 andry = 75, x 74 follow from induction hypothesis and Lemma 5.

O

Lemma 7 (Corollary to Strengthening of Consistencylj C I+ {&;}, 0 &, {wp}, {ws} € {wp}, 6(C) IF 6{/ws [}, and
dom(f) N ftv(wp) C ftv(ws) then,§(C) I+ 6{|ws[}

Proof. By repeated application of Lemma 6, and using Lemma 5. O

B Declarative Type System

Definition 13 (Canonical Expressions)e say that an expressianis canonical if alllet expressions ire are
annotated with one of the kindsor V.
Definition 14 (Weakened Type Derivation)Ve writeD; T'; Xk e: 7if D'; T'; ¥ - e : 7 for someD’ C D.

Definition 15 (Constraint Collection over Type Derivatian)Ve write {{D; T'; © I e : 7|} to denote the set of all
constrained types and unconstrained type variables us#tkiderivation ofD; I'; X - e : 7.

{D;0; 2z 7 = L, %, 7, D}
{D; ;50 :unit = {T, =, D}
{D; T; L +true: bool [} = {T, %, D}
{D; T; X +false: bool [} = {T, %, D}

{D;T; 2447 = AT, %, 7, D}

{D;0; 217 = AL, %, 7, D}

ID; ;8 dze: )y =74 = {D;T,z—11; 2k e:maf
U{lrh, 2l

{D;T; 2k ey ex: 7} {D;T; 2 F ey i1}
U{D; T, ZF ex: 12}

U {|7'a- Try T|}
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Other cases are similar. We write:
ID;T; ke 7} =4D; T 2k e: 7, DJ}.

Definition 16 (Consistent Type DerivationWe say thaC; D; I'; X I~ e : 7, is a consistent type derivation under the
constraintseCif D; T'; X e: 7andClI- {D; T; X F e: 7]}

Similarly, we writeC; D; T'; Sk e: 7if D; T'; Xk e: randCIH{D; T; Xk e: 7]}
We say thaD; I'; Xk e : 7, is a consistent type derivation®; T'; Xk e: rand IF{D; T; X K e : 7]}

Definition 17 (Stack and Heap Typing)A heap H and a stack S are said to Well typedwith respect to a binding
contextl” and store typing:, and writtenD; T'; X | H + S if

1. dom(x) = dom(H) U dom(S)
2. V¢ € dom(H), D; T; © = H(¢) : 7 such that(f) =

3. vl € dom(S),D; I'; Tk S(I) : 7 such thats(l) =

Similarly, we defin€; D; T'; Xk H+ SandD; T'; X E H+ S

Definition 18 (Valid Lvalues) We say that an Ivalug is valid with respect to a stack S and heap H, writter-t&t, £
if one of the following conditions hold for some

1. £=lor £=I.p,where le dom(S).
2. £=0 or £=1". p,wherel/ € dom(H).
Lemma 8 (Inversion of Typing Relation) 1. If D; T'; Xk () : 7 thenT = unit .
2. IfD; T; ¥ k true: 7 thenT = bool .
3. IfD; T; ¥ k false: r thent = bool .
4. IfD; T'; ¥k £ : T thent = {7’
5. IfD; I; £k Az.e: 7 thent = 7} — 75, suchthatD; I', z — 71; S+ e : 7o andr, = 7} andry = 7.
6. fD;I'; Xk e :7thenD; T, ¥k e < {7

7. Other cases are similar.

Proof. Immediate from the definition of typing relation. O

Lemma 9 (Inversion of Copy Coercion)For any typep and «, let Q(p) = {p, ¥p, alp, a|Vp, alp, a|¥p,
Yalp, Ya|Pp}. Then,

If  <: bool thenr € Q(bool )

If 7 <:unit  thenr € Q(unit ).

If  <: 7' thent € Q(17).

If7 <71 — 73 thent € Q(71 — 72).

If 7 <: 71 x 7o thenT € Q(7] x 75), such that; <: 7} andrs <: 7.

o o & w NP

If 7 <: Wp thenT = Wp/, such thap’ <: p.

Proof. By induction on the copy coercion derivation. O

Lemma 10(Canonical Forms) 1. If D; I'; ¥k v <: unit , then,v is ().
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2. fD;T; ¥k v <: bool , then,v is eithertrueor false
3. fD; T; ¥k v < {pr, thenw is 4, £ € dom(Y).
4, fD; I X kv <: 171 — 7o, then,v is Az.e.

5. fD; T ¥k v <71 X 79, then,vis (vy, va) .

Proof. By inspecting the possibilities for the derivation®f I'; X k v <: 7.

According to the grammar of the langual§e values can be of one of the following forms: {je, falsg ¢, Az.e,
(v, v)

Consider the case (2), whete I'; X 1 v <: bool . Thatis,D; I'; ¥ i v : 7 andr <: bool . From Lemma 2 (inver-
sion of copy-coercion), we know thate Q(bool ). That is, for somey, the typer equals one ofbool , ¥bool ,
albool , a|¥bool , a|bool , a|¥bool , ¥a|bool , or Va|¥hool . If 7 =bool , itis clear that the final rule in
the derivation must be T-Bool. A derivation with these ruesnly possible ifv =b. That is,v = true or v = false
Further, the cases like = ¥bool cannot happen because there is no rule that derives a mimtalylee type for a
value.

Other cases of the lemma are similar. O

Theorem 1(Progress) If ¢ is a closed well typed canonical expresssion, thaDisf); X 5 ¢ : 7 for somer and X,
given any heap H and stack S such that(); X £ H + S,

1. If eis aleft expressione = [), thene is either a valid Ivalue (thatisg = £ and H+ Sk £) orelsed ¢/, S, H
suchthat S; He = S; H’; ¢'.

2. eisavaluev orelsed ¢/, S, H suchthatS; He = S; H’; ¢'.
Proof. By induction on the type derivatio@; §; Xk e : 7

1. Case T-Unit, T-Bool, T-Hloc, T-Lambda: (Values) Resalimmediate for right execution, and cannot happen
for left execution.

2. Case T-Id: cannot happen= z is not a closed term.

3. Case T-Sloc: Immediate for left execution. Right exemutind can always continue with E-Rval rule as the
stack is well typed®; 0; Xk H + S).

4. Case T-App: Only right execution is possible. We have=e¢; e3, D;0; Xk e; <71 — 72, and
D;0; 2k ez <:71. If €1 is not a value, execution can continue via the E-# (Rightedntedex) due to in-
duction hypothesis. Similarly, i¢; is not a value, we can again take E-#. If bethand e, are values, since
we know thatD+; (); ¥ k e; <: 71 — 72, from Lemma 3 (canonical forms) we conclude thatis of the form
Az.e’. Now, we can take the step E-App.

5. Case T-If: Similar to T-App, only right execution is petted.

6. Case T-Set: Only right execution is applicable. We havel ;= ¢, D;(); X k[ <: ¥p, andD; 0; X k e <: p.
If I notan Ivalue (thatis] # £), we can take E-L# for anyby induction hypothesis. If is not a value, we can
take E-#.

Finally, we consider the case whdre £ ande = v. £ should be one of |..Ip, ¢, or £". p. Now, we proceed
by induction on the length of .

(a) Supposé = £ =1. We know from induction hypothesis that that Ht;S and from Definition 6, we con-
clude that le dom(S). Now, execution can continue with E-:=Stack.

(b) Similarly, if [ = £ = ¢, the execution can continue with step E-:=Heap.
(c) Assume (by hypothesis) that the execution can contiousdmee = 1. p.

20



(d) Now, lete; =1.1. p.

(e) We know thatD; (); ¥ i e; <: ¥p, which is equivalent toD; #; X & ey : 71 and 7y <: Up. That is,
D; 0; Xk 1.1, p: 7. The first two steps of this derivation must be T-Sloc and T-Bem the assumption
of T-Sel rule, we must have; (); X k | <: 71 x 74 for some typers. Now, from the assumption of T-Sloc
rule, we must have(l) <: 71 x 72.

(f) Now, if S(I) = v, since we hav®; 0; X s S : H, we conclude tha®; §; Xk v <: 71 x 72.
(g) From case (f) and Lemma 2 (inversion of copy-coerciom® conclude that = ( v, vs) .
(h) From cases (c and g), we conclude that the execution aatinoe using the E-:=S.p rule.
(i) Similarly, if e; =1.2. p, the execution can again continue using E-:=S.p rule.

()) Similar to the above induction, we can show that;if= ¢". i. p, execution can continue using the E-:=H.p
rule.

7. Case T-Dup: Only right execution is permitted, and cae &k or E-Dup as applicable.

8. Case T-Deref: We have:=e;", andD; 0; X k e; <: {i7. Execution can take EL-"# or E-# as applicable;if
is not a value. Ife; is a value, then, from Lemma 3 (canonical forms), we concthdee; =/, ¢ € dom().
Now, since this is an Ivalue, we are done in the case of left@xan. In the case of right execution, we can take
step E-".

9. Case T-Pair: Similar to case T-Dup
10. Case T-Sel: Similar to case T-Deref.

11. Case T-Let-M: Only right execution is applicable. Wedtav=1let * z=¢;in ey, D;0; T ke < 7. If €1 is
not a value, we can take E-#. Otherwise, we can take E-Let-M.

12. Case T-Let-MP: Only right execution is applicable. Weena = (let * z=e1in e3),0; X ke 7. If ey is
not a value, we can take E-#. Otherwise, the execution canBaket-P ifc =V or E-Let-M if 3¢ = 1).

|
Lemma 11(Weakening) If D; T'; X Fe: 7, theny IV DT and¥ DX, D; IV; ¥ ke 7.
fD;T; Xk e:r, theny IV OI, ¥ DX andD' 2D, D; TV; ¥ ke 7.
Proof. By straightforward induction on the derivation®f I'; ¥ F e : 7. O

Lemma 12 (Properties of Copy Coercion) 1. If 7 <: 7/, then,
(@) 7 < y(r)and A(r) < 7
(b) A(7) = A(r) and7(7) = (7).
2. If A(r) = A(7') or equivalently/(7) = ('), thent <: (7)) and A(7) < 7.
3. If 7 <: 71, andT <: 75, then,3 73 such thatr; <: 73, andry <: T3.
4, If 7y <: 7,andry <: 7, then,3 73 such thatrs <: 71, andrs <: 7.

Proof. Property 1 and 2: By straightforward induction on the deit/aof 71 <: 7.
Property 3: By construction afs.

1. From property 1.b above, we haweZ 7. Similarly, we haver < 7,. Therefores = 71 = 7.
2. Letus pickrs such thatrs =7 = 71 = 7.
3. From S-Refl rule in figure 4, we know that <: ;. From this using property 1.a, we obtaif) <: 7(71).

From case (2), we can write this ag <: 73. Similarly, we obtainr, <: 73.
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Property 4: Similar to Property 3. O

Lemma 13(Subtype Substitution) 1. If 7, <:75 and 0 {r1, 72}, then, 0(r) <:(0(r2)) and
A(6‘<T1>) <. 9<T2>

2. 1f0 k5, {alp1, Blp2}, thend(alpr) = 0(3]p2)

3. 110 k= {s1lpr, s2lpel}, thendici|p1) = 0(calp2)
4. 1f0 k=, {s1lp1, s2lp2}, thenA(0(c1lp1)) i 0(s2lp2) andb(si|p1) J: 7(0(s2lp2))-

Proof. By using Lemma 5 (properties 1 and 2) and Lemma 4. O

Lemma 14 (Type Renaming) For any substitutiod = [a — (3] where{3} @ ftv(T, %, 7),

1. fD;T; X F e: 7thend(D); 6(T); (X)) - e: 6(r).
2. IfC; D; T; X+ e: 7thenf(C); 8(D); 6(T); O(X) - e : 6(r).

Proof. By straightforward induction on the derivation®; ['; X+ e: 7andC; D; I'; X e : 7. O

Lemma 15(Consistency of Substitution over Type Derivatiof) I {D; T'; ¥+ e : 7}, andd &, {T', ¥, 7, D},
thent = {D; T; X F e: 7]}

Proof. By induction on the derivation dD; I'; ¥ F e : 7.

1. At any step of the derivation, let, be a type used in the derivation such thatc I, 75 € ¥, andrs € 7 do
not (necessarily) hold. For example, andrs in T-Lambda,r, — 7. in T-App, or the type obtained by any
sub-derivation (for some sub-expression).

2. Through a suitable renaming of variables, and using Lemmee can ensurdon{f) N ftv(r,) C ftv(T", X,
T, ).

3. We want to show |, 7. Therefore, we proceed by induction on the structure,ofThe only interesting cases
areT, = alpandrs =¢|p.

4. Casers = alp:

(a) By induction hypothesis, we have=, p.
(b) If a € ftv(I', X, 7):
i. Due to the premisél- {|D; I'; S + e : 7[}, and Definition 113 «a|p’ € T, &, or 7 such thap = /.

ii. From the premisd |, {T", ¥, =, D}, and Lemma 2 (weakening), we obtdir=, p’. From this,
case (4.a) and Lemma 5 (aggregation), we obddin {p, p'}.

iii. From cases (4.b.iand 4.b.ii), and Lemma 4, we obtgjs < 6(’).
iv. From the premisé |, {I', X, 7}, case (4.b.i), and Definition 12, we know ttfdtv) = 3, for some

n Yy

3, or6{a) = p", such thap” < 6(p'). Using case (4.b.iii), we can write this 8&’) < 0(p) < p".
(c) If a ¢ ftv(T', X, 7), then, we know thad ¢ dom(#), and thereforef(«) = a.
Therefore, in all cases, for sonteandy”, we haved(a) = 3, or () = p” such thap” < 6(p).

5. Caser; = ¢ p: Similar to the previous case, we conclude that for sohaamdp”, we haved(s) =<', oré(s) = p”
such thap” < 6(p).

6. From cases (4 and 5), and Definition 12, we conclude¢thatr,.
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7. By repeating the same argument over all typgsised in the derivation dD; I'; X + ¢ : 7, we finally obtain
O {D;T; e 7}

Lemma 16 (Composition Consistency)f:

01 - {@}, 02 IIF {w}, 61 IIF {62(w) }, anddom(hy) @ ftv(6,),
Then,3 6, such that:

dom(f2) = dom(65), 05(01(w)) = 61 (02 (w)), andby lI- {61 (@) }.

Proof. By construction ob. Let6 be an idempotent substitution equivalentioo 6. ¢/, can be choosen as a part
of 6 that contains substitutions only fdon{6s). O

Lemma 17 (Type Substitution) If

1. C.D; I YFe: T
2.0 {D;T; 2 Fe: 7|}
3.0 C)IFD; T; X F e : 7}

Then,0(C); 6(D); O(T'); O(Z) - e : 6(r).

Proof. By induction on the derivation dD; I'; ¥ - e : 7. We proceed by case analysis on the last step of the derivatio
LetC, =60(C).

1. Cases T-Unit, T-Bool, T-Hloc and T-Sloc are trivial.

2. Case T-ld:

(&) We have
['(z) =Va.r,\D, 0, {r,, D,} dom#,)={a}
0.(D,); ;X x:60(r)

i. e=xz,7=0,(r,)andD =0,(D,)

ii. 0 {D;T; 3k z:0,(1,)].

iv. CsIF{D; T 2 F ¢ 0. ()|}
(b) From premise (4), we havev(d) N {@} = 0. Sincedom(#,) = {a@}, we havedom(d.,.) N ftv(#) = 0.
(c) From cases (2.a.iand 2.b), we h&\€)(z) = Va.0(,).
(d) i. From Definition 3, we hav{lD; I'; X 2 : 7|} ={T, %, 7, D|}

ii. From case (2.a.iii and 2.d.i) and Lemma2 (weakening), ave 0 = {r,, D,}. (Note:

{7l S{TD).
Again using case (2.a.iv), we obtaih I- 0{|7,, D[}, which impliesil- 6{7,, D.[}.

Now, using Definition 12, we obtai\ll- {7, D, }.

iii. From case (2.a.i), we haw, IIF {7, D.}.

iv. Similar to case (2.d.ii), we obtathll- {0,.(7.), 0.(D.)}.
(e) From cases (2.d.ii, 2.d.iii, 2.d.iv, and 2.b), and Lenimae conclude that 6,, such that:

i. dom(,,) =domé,) = {a}.

ii. 00 (0(72)) = 0(02(72)). Thatis,On, (0(1)) = 6(T).

iii. 0, (0(Dy)) =0(0.(D,)). Thatis,f,, (0(D,)) = 0(D).

V. O, IF{0(12), 0(D,)}.
(f) From cases (2.c, 2.e.iand 2.e,iv), and the T-1d rule wiold,,, (0(D)); 6(T'); O(Z) - x 1 0,,(0(74)).
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(g) From cases (2.f, 2.e.ii and 2.e.iii), we obtéiD); 6(T'); 6(X) -z : 0(7).

(h) From Definition 3, we have{|6(D); 6(I'); (XY -z : 0(7)[} ={6(T), 6(%), 6(r), 6(D)[}. Clearly,
{loT), 0(%), 0(r), (D)} <{6{T, =, 7, DI}

(i) From cases (2.a.ivand 2.d.i), we havel- 0{T", 2, 7, D[}. Now, from Lemma 1 (property-3), we obtain
Cs IH{&{Tr, %, 7, D}|}.

() Now, from cases (3.i and 3.h) and Lemma 2 (weakening), baio C; I- {6(T"), 6(X), 6(r), 0(D)|}
and therefore&; I {|0(D); 6(T'); O(Z) - x : 6(7)[}

(k) Finally, from cases (2.g and 2.j) and Definition 4, we dade thatd(C); 8(D); 6(T'); 0(X) b x : 6(r).
3. Case T-Lambda: Follows from induction hypothesis, usiagma 4 and the T-Lambda rule.
4. Case T-App:

(a) Inthis case, we have:
Dy yYberim 111 —> T
i Do; % F ey ity 70 <ivy(1a) A1) <7
I''YFerea:T

ii. D=D;UDy
i. 0 {D;T;XF e ex: 7]}
iv. 0(CYIFO{D; T; X F ey ex : 7f
(b) By induction hypothesis (by using case (4.a.i), weakgmn cases (4.a.iii and 4.a.iv), and premise (4)),
we have:Cy; 6(D1); 0(T'); 0(X) ey : 6(r1) andCs; 0(D3); 0(T'); 0(Z) - eq : 0(r2). Thatis,
10(D1); 0(T); 0(5) Fex - 0{m1)
- G IE10(Dy); 0(I); 0(5) F 1 0(71) ]}
iii- 0(D2); 6(I'); 0(X) F ez 1 0(72)
iv. CslF{6(D2); 0(T); 0(X) F es: 6(m2)|}
(c) From case (4.a.i), we hawvg <: 7, — 7,.. Using weakening on case (4.a.iii) and Lemma 6, we obtain
0(t1) <. 7(0{ra — 7)), Which is equivalenttd(71) <: 0(7,) — 6{r,.).
(d) Similarly, we obtaind(r2) <: \7(6(/(r.))). Using weakening on case (4.a.ii) and Lemma 3, we have
V(0(V(7a))) = V(0(7a)). Thereforef(rs) <: 7(0(7a)).
(e) Similarly, we obtaim\(0(7,.)) <: (7).
() From cases (4.b.i, 4.bii, 4.c, 4.d and 4.e) and usingApp rule, we conclude that
6‘<D1> U 9<D2>, 6‘<1—‘>, 9<E> Feper: 6‘<T> That iS,6‘<D>; 6‘<F>, 6‘<E> Feper: 9<T>

(9) Using weakening on case (4.a.iv), we obténl- {r, — 7., 7}. Using this and cases (4.b.ii and
4.b.iv), and Lemma 5 (aggregation), along with Definitionc®r{straint collection), we conclude that

Cs IF{6(D); 6(T); (%) - e1 ea: O(T)}
(h) From cases (4.fand 4.g), we obt&li{C); 6(D); 6(T'); 0(X) F ey e : 6(7)

5. Case T-Let-MP: In this case, we have
DYty 17, <11 Dp=D; U{*:(TI)}
{@} =ftv(r,, D)\ ftv(T, X) k&, B
Do; T,z —Var,\D,; Xk e 1o
D[BlalUDy; ;X (let *z=vin e):7o
Proof is similar to T-App case. Without loss of generalitg @an assume thétv(6) © {a} since type schemes
are equal undes-renaming of generalized variables.

6. Other cases are similar.
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Lemma 18(Value Substitution) If

1.C;D;T,z:Var, \Dy,; Xk e: T
2.C;Dy T8 kFwT,

3. Immut(7,)
Then,3 C' D CsuchthatC’; D; T; X F e[vlz]: 7

Proof. By induction on the type derivation @&; D; I, z : Va.t,; ¥ I e : 7 We proceed by case analysis on the final
step of the derivation.

1. Case T-ld: We have =y, wherey € T, z, 0.

(@) If e =y # z, then,y[v/z] = y. and the desired result; D; I'; X + y : 7 is immediate from the assumtion
C:D; T,z :Var,;XFe:T.
(b) If e =z =y, we havey[v/z] = v, D =0(D,) andr = 0(r,). LetI" =T, y : Va.r,. In this case, we have
I'(y) =Va.r,\D, 0I+-{r,, D,} dom¥)={a}
9<Dv>; F/; X Y- 9<ij>
i. CIF{0(D,);T"; 2k y:0(r,)[}
iii. C;D,;IYFwv:T,. Thatis,
A D, YEviT,
B. CIFH{D,;T;XFv:7,[}
We need to show that C’ O C such thalC’; 6(D,,); T'; X F v : 6(7,).
(c) We know that
i. {a} @ ftv('). Thatis,o(I") =T.
i. {a} o ftv(X). Thatis,f(X)=X.
iii. Without loss of generality, we can assume tlfiat(ranggd)) consists of variables iftv(I", X, 7,

D,), or fresh type variables. This property can always be madeold by suitable renaming of
variables and using Lemma 7.

iv. Without loss of generality, we can assume that C ftv(r,, D,), since any{3} C {@} such that
g ¢ ttv(r,, D,) can be ignored.
(d) From case (1.b.iand 1.b.ii) we can say tha€;, O C such thaCy,, I {7, D, [}. This is because:
i. From case (1.b.i) we havél+ {r,, D,}. From this, using Lemma2 (weakening), we obtain
- 0{ 7, Dy}
ii. From case (1.b.ii) and Lemma 2 (weakening), we obt&in {6(7,), 0(D,)}.
iii. Since{6(r,), 8(D,)} C 0{r,, D,[}, using case (1.d.i) and Lemma 1 (property-4), we conclude th
3 Cpig 2 C such thaCy,, I 0{|7,, Dy}
(e) Forallg ~porp=pe C,wheref ¢ {a}, we must havétv(p) © {a}. Otherwise, due to case (1.d.iii),
there exists3 ~ 0(p) or 5 = 0(p) € Cy;, such that(p) # p, which violates the restrictioR(Cy;,).
() We can writeC =C, U C, U C, U C,. where:
i. dom(C,) = ftv(T", X)
ii. dom(Cy) = ftv(ry,, Dy) \ ftv(T, X)\ {a}
ii. dom(C,)={a}
iv. dom(C.) @ dom(C;) @ dom(C,) @ dom(C,.)
(9 i LetC,=C.UC;andC,,.=C,UC,

ii. From case(1.f.i), weakening on (1.b.ii), and Lemma Dbfmrty-8), we havév(ranggC.)) C ftv(T,
).
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iii. Similarly, using case (1.e), we conclude thiat(rangg(C;)) C ftv(T', X, 7., D,) \ {a}.
iv. Therefore, we hav&v(C.;) @ dorm(C).
(h) Let
i. {5} =dom(C,).
ii. ,=[a — 7], wherey are new type variables.
iii. 6,=[8 — ¢], wheres are new type variables.
iv. 9ab = 6‘,1 ¢} 91,
v. Cqp = C[FlAI[0/5]. L
Due to case (1.9.ivCap = Cet U C/,,., whereC! . = C,.[F/a][/5].
Vi. Tyq =04(7y), @andD,, = 0,(D,)
vii. 0 =]y — 74|, whered = [ — 7]
Note that forallr, above,f,,(rs) = 75 due to case (1.c.iii). Similarly, due to cases (3.c.i, Bamd
3.h.viiywe have?’ (T) =T, 0/(X) = %, 0/ (7,,,) = 0(7,) =7, and®’ (D,,,) = 0(D,) = D.
(i) i. LetC'=CUCy
ii. This can be written as:
C'=CeUCqUC,UC,, =CUC],.
iii. Sincedom(C!,,) consists of new type variables, we haveC'’).
iv. Further, sinc&’(C) = C, we haved’ (C") =C U ¢'(C/,.).
() From cases (1.b.iii and 1.h) using Lemma 7 (renaming), we obtain
Cabs 0abp (Do) 0ap(T); Oap(X) F v 2 Oap(T0).
From cases (1.f and 1.h), we can write thiSag; Dyo; ['; X F v & Ty
(k) From cases (1., 1..i and 1.iii)) and Lemma?2 (weakenin (property-5), we obtain
Ci Dy T8 F v Ty
() Similarly, by applying variable renaming on case (1and 1.b.ii), we obtain
F/(y) = v7-7-71a\,D71a 01l {TUGl Dua}
i. dom®’) = {7}
0 (Dypa); T 5y 0/ {(Tpa)
i. C'IF{0"(Dya)i T Sy 0 (100}

(m) From case (1.Li), we hav lI- {74, D4}, Which implies by weakenindg/ =, {7va, Duva}, and further
dueto case (1.h.viiy) & {T, 2, Tva, Dya}. Case (1.h)impliest {{Dyo; T; X F v : 740} Using these
facts with Lemma 8, we conclude thit=, {Dyo; T X F v Tyal}-

(n) i. From case (1.Li), similar to case (1.d), we concludatB C” O C' | C" Ik ¢{7ya, Dyal}. Due to

idempotence of the substitutioh, we can write this a8’ (C"”) It 0'{| 7,0, Dual}-

i. By weakening on case(1.k), we obtainC”’;D,e;T;XF v:Ty,. This implies
C"IF{Dya; T; ZF v Tyl

iii. Evidently,{7ya, Dva} C {{Dva; T; ZF v Tyl

iv. From cases (1.c.iv and 1.h.i) we conclude thddm(6’) C ftv(Tya, Dye).  This implies
dOI’T'(@I) N ftv({lpva; J RO VR o VA |}) c ftV({Tvav Dva})

v. From cases (1.n.ii, 1.m, 1.n.iii, 1.n.i and 1.n.iv) andrmea 7 (strengthening), we conclude that
O (C"YIF 0" {|Dyo; T;  F v Tyalb

(o) From cases (1.n.ii, 1.m and 1.n.v) and LemmalO (type tdutsn), we conclude that
0" (C"); 0" (Dya); 0(T); 0/ () F v 0/ (Tya). From case (1.h.vii), this can be written as
oC"y, D;T; S FviT.

(p) Now,C” =C U C,.s:. From case (1.i.iv), we haw#(C") = CU 6'(C,..s:). Thereforeg’(C"”) D C.

2. Case T-Lambda: We have
DT, x—=NYar, y— 11,5 eiT
v v
7'1:7'1 T2:7'2
D;T,z—Var,, X F \z.e: 1) — 1)

We can assume that# y. Now, the result follows from the induction hypothesis, @ne T-Lambda rule.

26



3. Case T-App:

(@) In this case, writing” =T, z — Va.r,, we have:
DI YFer:im1 71 <Tq — Ty
i. Do TV;¥Fey:irma 70 Uy(ra) A(rr) <7
DiT:XFejex:T
i. CIH{D;T";F eq eq: 7]}
iii. D= Dl @] DQ
(b) From case (3.i) and weakening on case (3.ii), we l@&vPe,; I'; ¥  e1 : 71. Now, by induction hypoth-
esis, we knowthal C' D C|C'; Dy; T 2 F eq[vlz] : 1.
(c) Similarly, we haveC; Dy; TV; ¥+ e : 75. By Lemma 2 (weakening), we obta@if; Do; IV; B F es : 7o.
Again, by induction hypothesis, we know thatC” O C' | C”; Do; T'; X esvlz] : 7o.
(d) From case (3.b) and Lemma 2 (weakening), we olf4inDy; T'; ¥+ eq[v/z] : 71.
(e) Again by weakening wrt case (3.a.ii), we h&/él- {7, 7., 7}.

(f) From cases (3.c and 3.d) and copy-coersion relationsaise ¢3.a.i), using the T-App rule we ob-
tain D; I'; ¥ F eq[v/z] ex[v/z] : 7. Using cases (3.c, 3.d and 3.e) and Definition 3, we conclbde t
C",D; T B F eq[vlz] es[vlz] @ 7.

4. T-Setcase is to T-App. Premise (3) guarantees that thetisuton cannot happen on the LHS of an assignment
except within a dereferenced expression.

5. Other cases are similar.

Lemma 19(Corollary to Value Substitution)If

1. C,D; 0,z Var, \ D, Uki(r,); ke T
2.C;D, I X7y,

3. D

Thend C’' D CsuchthatC’; D; T; X F e[vlx] : 7

Proof. Similar to Lemma 11. The premise- D guarantees that (7)) € D, Immut(7, ), which ensures that all
instantiations of: are immutable. O

Lemma 20(Location Substitution)If C; D; I', z : 7,,; ¥ F e : 7, thenC; D; T'; X, | — 7, F e[ll 2] : 7.

Proof. By induction on the type derivation df T, z : 7; X, similar to Lemma 11. O

Lemma 21 (Corollary to Location Substitution)lf C; D; T, z : V.7, \ D, U %¥(7,); X F e: 7 and =D, then
C;,D; N =1 belllz]: 7.

Proof. Similar to Lemma 13. O

Lemma 22(Stack and Heap Assignment Safety) 1. IfC; D; T; XKk H, ¢/ — v + S,andC; D; T'; ¥k +" : 7, and

3(0) L 7, thenC: D; T % EFH, ¢— o +8S.

2. fC;D; T, X5 H+ S, I—= v, andC; D; T; X 5 o' : 7, andX(l) L thenC; D;T; S EH+S, I— v

Proof. Immediate from the definition of stack and heap typing. O
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Theorem 2 (Subject Reduction)For any canonical expressios, if C; D; I'; ¥k e: 7, C,D;T'; Xk H+ S and
= D, then,

1. IfS;H;e= S;H’; ¢/,then3 ¥ D X andC’ D CsuchthaC’; D;I'; ¥’ k¢ : randC’; D; I'; ¥’ E H + S.
2. IfS;H;e=S;H’; ¢/,thend ¥’ DY andC’ D CsuchthaC’; D;I'; ¥’ ke : 7/andC’; D; I'; ¥’ FH + S
andr < 7/,

Proof. By induction on the derivation of; D; I'; X I e : 7. We proceed by the case analysis of the final step.

1. Case T-Id, T-Bool, T-Hloc, T-Lambda cannot happen.

2. Case T-Sloce = I. We have, for som&®’ C D,
(=71
DTk T

(@) = E-Rval:
S()=v
S;H; = S;H;v
i. ¢ =S()=v,H =H,and $=S
i. From C;D; I XKEH+S and Definition5 (Stack and Heap Typing), we have
C;D;T; S ES(l): 7 | SU)< 7. Thatis,C; D; T; Sk v : 7/, wherer < 7/,

3. Case T-Appe = e; e2. We have for som@®; C D andD-, C D,
D;IYbFer i1 11 <7y — T
Do T X Fegime 10 <ivy(te) A(r) i
Di1UDy T X Fer e T

(a) = E-#(1):
S;H;e1 = S H; €}
S;H;e1 e2 =S H; e} eo

i. By using Lemma 2 (weakening) on the assumptions of T-Apge, we obtainC; D; T'; ¥k ey : 1.
By induction hypothesis, we conclude tia®’ O 3 andC’ O C such that”’; D; T'; ¥' | ey @ 74 and
¢ D;T; ' K H + S andry = 7).
ii. From case (3), we haver; <:7, — 7. From case (3.a.i) we have < 7. Since
Ta — Tr = /(7o — 7r), Using Lemma 5, we conclude thet <: 7, — 7,..
ii. Using weakening lemmas Lemma 4 and Lemma 2, we olt&jD; I'; X' K es @ 79.
iv. From case (3), we already have <: 7(r,) and/A\(r,.) <: 7. Clearly, these types are consistent with
respect to the weakened constraints@et
v. Now, using the T-App rule and Definition 3, we obt&ify D; T'; X'k €} ea @ 7.
(b) = E-#(2):
S;H;ex = S H'; €l
S;H;v1 ea =S H; vy €
Similar to E-# (1).
(c) = E-App:

| ¢ dom(S)
S;H;Az.ep v =S, |— v; H; e[l z]

i. Re-writing case (3) foe; = Az.e, andes = v and using Lemma 1 (inversion of typing), we have, for
someD; C D andD, C D,
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Dy, T,e—71l;8F ey 7l
TalT; TTlT; DQ;F;EI_'U:TQ
Dy, Y Axe, i 7q — 7y
T Ty =1 T2l V(rh) AT
DiUDy; T X Aze, v

We also haveC |- {{D; U Dy, T ¥ F Az.ey v i 7]}
ii. From case (3.c.i), using weakening, we obt@inD,; T', z +— 7/; X e, 1 71,
iii. Using case (3.c.ii) and Lemma 13 (location substitajio we obtain

C; DT 2 I — 7l b el 2] : 7). and thereforeC; D; T'; 3, | — 7/ & e[ 2] : 7.
iv. From A(7,.) <: 7, using Lemma 5, we conclude that < 7. We already have,. < 7!.. Therefore,

we conclude that’. = .

v. We haveC; D;T"; ¥ K v : 7. Fromrs <: y(7,), We obtainr, < To. From case (3.c.i), we have

Te = 7/.. Therefore, we obtairn/, < 7s. Using these facts along with the premi{seD; I'; X E H + S
and Definition 5, we conclude th&t D; T'; ¥, | — 7/, k H+ S, [+ 0.

4, Case T-Sete = e := ey
D,;EF1imy 11 < Up
Do, ¥FeiTeg 190<ip
DiUDy; T ¥ 1= e:unit
Cases E-L# and E-# follow from induction hypothesis, simitathe T-App case. Cases E-:=Stack, E-:=Heap,
E=:=S.p and E-:=H.p follow from Lemma 15 (stack and heapgassent safety).

5. Case T-Let-Meg =let Y z=¢;in e
D i¥bker i m < <7
Do, 'z —T1;2F e 7o
DlUDQ;F;El—(let ¢m=el in 62):7'2
The case E-# follows from induction hypothesis using theet-M rule. The case E-Let-M follows from
Lemma 13 (location substitution) similar to T-App.

6. Case T-Let-MPe=let "z =vin e
DiIYFovir, 7071 7T
D'=Dy U {kZ(n)} {a}=ftv(r, D)\ ftv(l, X)
Dy, T,z —Var\D;Xke:7
D[Blal UDy; T; S (let *z=vin e):7o

The case E-# follows from induction hypothesis using theet-R rule. This is becausecan only take E-#
steps that only have leaf derivations of E-Rval step E-Rteads which does not change the constrainet
in the type derivation. Itc =V, the case E-Let-P follows from Lemma 12 (value substitjtiddtherwise, if
» =1, the case E-Let-M follows from Lemma 14 (location subsititn}. The caser = x cannot happen since
e is a canonical expression.

O

Theorem 3(Preservation) For any canonical expressiony if D; I'; ¥k e: 7, D; T'; ¥k H 4+ S and = D then,

1. IfS;H;e= S;H’; ¢/, then,3 ¥ DX suchthatD; I'; ¥’k ¢’ : randD; I'; ¥’k H + S.
2. IfS;H;e = S;H’; ¢/, then,3 ¥’ D Y suchthatD; I'; X'k ¢’ : 7 andD; I'; ¥’k H' + S andr < 7.

Proof. FromD; I'; X | e : 7andD; T'; X K H + S, using Definition 4 and Definition 11, we conclude tBa€,; and

Cgp such thatCy; D;T; X Fe: 7 andCyy,; D; T'; ¥ F H + S. Since the only type variables that need to be used in
common in both derivations are those that are presehtand:, we can construct & such thatC D C,, C D Cyy,
andR(C). Now, by weakening, we havg; D; T'; X k e : 7 andC; D; I'; ¥ k H + S. The result now follows from
Theorem 2 (subject reduction). O
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Definition 19 (Stuck State) A system state S; H; is said to bestuck if e # v and there are no’SH’, and e’ such
thatS; H;e = S; H’; ¢'.

Theorem 4(Type Soundness)Let= denote the reflexive-transitive-closure-ef For any canonical expression) if
D;0; Sk e:7,D;0; Xk H+S, =D, and S; H;e = S; H’; ¢/ then S, H’; ¢’ is not stuck. That is, execution of a
closed, canonical, well typed expression cannot lead taeksstate.

Proof. By straightforward induction on the length ef. If ¢ = v, proof is immediate. Otherwise, from Lemma 1
(Progress), we know that we can take at least one step fonkarther, from Lemma 3 (Preservation), we know that
a (left/right) execution of a well typed expression in withspect to a well typed stack and heap will always result in
another well typed expression, stack and heap. Proof ndemfslfrom induction hypothesis. O

C Type Inference

Definition 20 (Type Inference) Type inference is a program transformation that acceptsaym@m in whichlet
expressions are not annotated with their kinds, and retthesame programs in whidet expressions are annotated
with their kinds and all expressions are annotated withrthgies.

Definition 21 (Constraint Collection over Inference Derivatior§imilar to Definition 3, we writd]T'; Xk e: 7 | C[}
to denote the set of all constrained types and unconstraymelvariables used in the derivationlof X - e : 7 | C.

TS EQ - unit |0}
{2k 7|C

{r, X[
{r, %, 7, C}}

Other cases are similar.

Definition 22 (Notational Derivations) We define the following derivations for notational conveni

I'Yke:7|C 0K, C~D 6I-4{T, %, 7, C}
0;T;Xke:7|D

0;T;Xke:7|D CIH{; S he:7|C)}

Co,IXke:7|D
0(D); O(T'); O(X) - 0{e) : O(T)
0, D, I XFe: T

0(D); O(T'); (XY | 6(e) : O(r) OI-{T, X, 7, D}
0;D;, Xk e: T

C; 0(D); 6(T); (=) - 0(e) : 6(r) OI-{T, =, =, D}
C0,D;T; ¥¢e:T

Theorem 5(Correctness of Unification)if 24(C) = ( D, 6) , thend &, C ~ D

Proof. By straightforward induction on the derivation@{C). O

Lemma 23 (Consistency of Unification)If II- {C} andi/(C) = ( D, 6) , then II- 0{C|}

Proof. By straightforward induction on the derivation@{C). O

Theorem 6 (Satisfiability of Unified Constraints)if ¢/(C) = ( D, 0,) , then3 6, such tha®,, s 5, C ~ D.

Proof. By induction on the derivation @#(C). O

Theorem 7 (Principality of Unified Types) If 4(C) = ( D, 0..) , whereC is a set of constraints obtained from the type
inference algorithm, thew 6, such thaty, ,, C ~ D', we have),, C 6,.
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Proof. By induction on the derivation @f/(C). The interesting case i8(s|p = o), in particular/(s|p = o p’). This
case is handled by noting that the inference algorithm ordgipcesy| o’ types in the pair-selection rule, wheseis
of the formay [ p1 X as]po. O

Theorem 8(Decidability of Unification) A canonical derivation of/(C), where no two applications of the refelexive
rule happen consequetively, halts for@liThat is,¥Y C,U(C) decidably either succeeds wittD, 6) or fails with L.

Proof. Let thedegreeof unification be defined as the tuple (numbenobr « variables, number of MPC constaints
in C, the size of types within the equality constraint£) Now, the proof is by induction on the derivationi@{C),
where we show that the degree of unification reduces in ewenyrsive call. O

Lemma 24 (Consistency of Inferred Types)fT'; XL e: 7 |Cand I {T, X}, thenll- {T; Xk e: 7| C]}.

Proof. By straightforward induction on the derivationBf X ;e : 7 | C, using Lemma 1. O

Lemma 25 (Substitution Consistency over Inference Derivatiof)I'; XK e: 7 |C andd II-F {T", ¥, 7, C}, then
OIF{T; Sk e:7|C].

Proof. By straightforward induction on the derivation Bf X i e : 7 | C, using Lemma 1, and using the fact that we
canassumé&v(@) N ftv{{T; Xk e: 7| C}) =ftv(T, X, 7, C). O
Theorem 9(Soundness of Type Inferencdf C; 6; T'; Sk e: 7| DthenC; 0; D; T; Sk e: 7.

Proof. By induction on the derivationdf; X ke : 7 | C.

1. From the premis€’; 0; T'; X |- e : 7 | C of the theorem, using Definition 3 and Definition 12, we obtain

@TI;Xke:7|C

(b) 0k, C~D

(c) 0IF{T, 3, 7, C}. Using Lemma 3, this can be written @8+ {|T'; X e: 7| C[}
o {;Xke:7|C]}

e CIH{or;Zhe:7|C)}

Now, we proceed by case analysis on the last step of the tieriva
2. Cases I-unit, I-Bool, I-Hloc and I-Sloc are trivial

3. Case I-Id: In this case, we have

L(z)=vVar,\D, 6.=[a — 0] E, B
;Y bz:0,(r) | 0.(Ds)

Proof folows from cases (1.b and 1.c) using T-ID rule and #u that variable replacementis always consistent.

4., Case I-Lambda:

(a) In this case, we have

o= Bla;Yke 7, |C | aBfyyo
;Y b Aze B la—+ 6| CU{r, =]}

(b) From cases (1 and 4.a), by weakening, we Have; T, z — 3|«; X ke, : 7, | C. Now, from induction
hypothesis, we hav€; 0; D; ', z +— [Bla; X e, i 7y

(c) From case (1.d), using weakening, we obtajg, {G]l«, 5'|a}. Now, from Lemma 6 (property 3), we
conclude tha#(3] o) < 6(3 | ). Similarly, we conclude that(y|8) = 6(~'|5).

(d) From case (1.b) and the constraint= |4, we obtaind(r,.) = 0(~y|d§). Now, using case (4.c), we obtain
0(r) = 0(y'19).
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(e) From cases (4.b, 4.c and 4.d) and the T-Lambda rule, waroitD; I'; ¥ - Az.e, : §'|a — +'|6. Fi-
nally, using this with case (1), we conclude thatd; D; T'; X F Az.e, : 'l — '] 6.

5. Case I-App:

(a) In this case, we have
F;Eb€1:T1|Cl F;EbegiTgl(ZQ

=, aBB'v7de
I''YkEe 62:61,’}/|C

where,
C=CiUCaU{mi=al(B'lB—|7), T2=0]8}.

(b) Using weakening on case (1), we obtain

i. 0 E. Cl ~ Dy andf E. CQ ~ Do
i. 01 {|F, Yhkei T | Cll} and
ZAlls {|F, b)) b €2 1 To | CQ|}
ii. CIF{0{;Xkey:71|Cy)]}and
Cl+ {|6‘<1—‘, by |7 €9 . T2 | CQ>|}

(c) From cases (5.aand 5.b), we obt@i); I'; X k- ey : 71 | C; andC; 0; T'; X i ea i 72 | Co.

(d) From case(5.c) and induction hypothesis, we obtai@;6;D;I';XFe;:7y and
C;0;D;; 1% ey i 7.

(e) Note that sincedf,C~D and C=CiUCoU{r =al(f'|lB—7]7), 72=06l8}, we have
D =Dy UDso.

(f) From case (1.b) and the constraint= «| (5|3 — +'|7), we haved{r1) = 0{a (5’| 5 — 7' |7)).

(9) Sinced(r1) <: 7(0(11)), we haved(r1) <: 7 (0{al ('] 5 — +']7))). From case (1.d) and Lemma 3, we
havez (6(a (B3 — ~'|7))) = v(O(V(al(8' 18 — +'17)))). Further, we havey (6(/(8'18 — v'|7)))
=B = Iy)=0(8'13) — 6(y'17).

(h) From cases (5.fand 5.9), we haeg1) <: 0(3'|3) — 0{(y'[v).

(i) Similarly, using the constraint, = §| 3, we obtaird(r3) <: 7(6(5]3)).

(i) Similarly, using the constraint, = |3, we obtaird(r3) <: 7(8(5]3)).

(k) From case (1.d), using weakening, we obtaig;, {+']|v, |v}. Now, from Lemma 6 (property 4), we
conclude thatN(6(v'|v)) <: 0{ec|~).

() From cases (5.d, 5.h, 5.i and 5.k) and the T-App rule, wactiade that); D; T'; X I ey es : ). Finally,
using this with case (1), we conclude tidatd; D; T'; X F ey es @ £]7y.

6. Case I-Let-Exp: In this case, we have:

F;Eb€1:T1|Cl 61751]
Nz—alfSke:ma|Ca |, afvk
I Y klet Fr=e in 6237‘2|C

whereC =C1 U {11 =7]8, k=¢} UC,.
Proof is similar to the I-App case, proof follows from indigt hypothesis using the T-Let-M rule, case (1) and
Lemma 6 (property 4).

7. Case |-Let-Val:

(a) Inthis case, we have:
Ybkovim |Cl C’lzclLJ{Tl:’}/lﬁ}
UC) =(Dy, 6u) Ds=D, U {Hki(7s)}
7.=0,(018) {@}=ftv(rs, Do)\ fv(0u (D), 0.(5))
'z —Var\Ds;Xke:1o|Ca |, B70EK
X hlet "az=ein ey:7o|Ci[Ela] UCy
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(b) From case (7.a) and Theorem 1, we héye;,, C' ~~ D,

(c) By weakening on case (1.b), we h#e, C'[z/a] ~ D; andf k,, C2 ~ D, for someD; andDs. Further,
D =Dy UDy

(d) From cases (7.c and 7.d), Theorem 3 and the fact that th&blesa@ are purely local to the derivation
I'; X ko7 | Cq, we conclude thad 6" such that

i. 0,C0
i. 0k, C' ~0(D,)
i. G0, T;Xkv:iT|Cy
iv. 0/(T)=0("), 0"(2) =6(X), 0'(11) =6(71), 0'{T5) = 0(7s), andd’ (D) = (D).
v. {a@} =ftv(0(rs), 6(Ds)) \ ftv(0'(T), '(X%)).
(e) From case (7.d.iii) and induction hypothesis, we obtaif’; D,; T'; ¥ F v : 71. Due to case (7.d.iv), this
can be writtena€§’; 0; D,; I'; X F v 7.
(f) Let 7} =<7(0(r1)). Evidently,d(r,) <: 7. using this in case (7.e), we obt&ih ¢; D,,; T'; ¥ v <: 7.
(9) Similar to the I-App case, using Lemma 6 (property 4), Wweain6(r,) <: 7.
(h) Evidently,0(D) =6(D,,) U {k(O())}.
(i) From cases (7.d.vand 7.d.iv), we ha\@@} = ftv(0(rs), 6(Ds)) \ ftv(0(T), 6(%)).
() From weakening on case (1) and induction hypothesis,ave; 0; Dy; T, z — Va.7,\Ds; L+ e : 72.

(k) Finally, from cases (7.f, 7.9, 7.h, 7., 7.j and 1), usitige T-Let-MP rule, we conclude that
C;0;D;I;XFlet z=vin e:Ts.

O

Theorem 10 (Completeness of Type Inferencelf C;0; D;T; X Fe:7, then3 # D6 and C' D C such
that C'; 0/;T; Xk e: 7| D and dom@’) \ dom@) = domC’) \ dom(C) = {a | « is a fresh variable used in
I'Yke:7|Ch.

Proof. By induction on the derivation df; 0; D; T'; X+ e : 7.

1. Fromthe premis€; 0; D; I'; ¥ F e : 7 of the theorem, using using Definition 3 and Definition 4, wéadin

@6;,D;xke: T
(b) 0I-{T, X, 7, D}
(c) CIF{0(Dy); O(T'); (=) F0(e) : O(T)|}
We need to show that for songe ¢’ J 6 andC’ O C,
@I;Xke:7|C
(b) ¢k, C~D
(c) 0 I-{T, %, 7, C}
d) CIH{eT; ke T|C)f}
Now, we proceed by case analysis on the last step of the tieriva

2. Cases T-Unit, T-Bool, T-Hloc, and T-Sloc are trivial.

3. Case T-ID: In this case, we have:
O(T)(z) =Va.6(r)\0(D) 0, I-{6(r), 6(D)}
dom(,) = {a}
000,(D);T;3Fxz:000,(T)
Without change in meaning, we can wrltézr) = V7.7\D. Now, we can write:
I(z)=vy7\D 0=[y — o] E, @
'Y ka:0,(r)]0,(D)
Let#’ =6 o 6,.. The result now follows from I-Id rule and case (1.c).
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4. Case T-Lambda:

(a) In this case, we have
O(D); O(T'), z — 6(1); X F e : 0(ra)
6(r1) Z0(rh) 6(rs) = 6(rh)
0(D); 0(T'); O(Z) - Az.e: 0(T) — T4)
(b) By induction hypothesis, we have, for sofifeandC” such thatC C C” andf J 6", we have
i. 0 T,e—T1;5Fe: 12| C
i. 0k, C~ D.
(c) We pické’ such that’ = 6" o 6,,c.,, Where
. dom(Onew) = {a, B, B 7, 7', 0}
ii. 0'(3la)=0(r1)
ii. 0'{(yla)=0(rs)
iv. ¢/(8'|a) =6(r,), possible due té(r1) = 6(7), which continues to hold under the consistent sub-
stitutiond’, due to Lemma 6 (property 2).
V. 0'(v]a) = 0(r,), possible due td(r5) = 6(r,), which continues to hold undéf, due to Lemma 6
(property 2).
(d) Evidently,¢’ &, CU{r=~]d} ~ D.
(e) We also exten@” to C’ with entries for new type variables.
(f) Now, using I-Lambda rule and case (1.c), we ob@int’; T'; X k Az.e: ' la —+'|§ | D

5. Case T-App:

(a) In this case, we have:
0(Dq); O(I); (XY - eq : 0{71)
0(D3); O(I'); 0(X) I ea : O{T2)
(1) Q7o — 1 O(12) < y(1a) A7) < 0(7T)
6‘<D1> U 6‘<D2>, 6‘<1—‘>, 9<E> Feles:T

(b) From induction hypothesis with respectdg, we have, for somé,, §; 16, andC; O C
i Y kerim |Cl
ii. 01k, Cy~ D
iii. 01 I-{T, &, 71, C1}
iv. CiIF{01(T; X ker 71| Co)}
(c) From induction hypothesis with respectdg we have, for soméy, 6, J 6, andC, O C
i F;E'TCQ:T2|CQ
ii. 02k, Ca~s Do
iii. 02 lIF{T, X, 79, Ca}
iv. CalF {|02(T; K eq:7a|Co)l}
(d) Since the new type variables used in the two derivatiangat collide, and sincé, / C; andf, / Cs
extendd / Cy with entries for new type variables only, we can write:
i. Letfi5 =61 003 andCy5 = Cy U Co.
ii. f12k, C1 UCy ~ D1 UDy
ii. 012IF{T, X, 71, 72, C1, Ca}
iv. Cr2lF{012(T; Xk e1:71]C1), 01205 ex:To|Co)f}
(e) We pickd’ such that’ =615 o 0,,¢,,, Where

i. dom(Bnew) ={a, B, 3, v, 7, &}
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" 91<5Il5 - ’7Il7> = 912<7_a - Tr)-
ii. 0 (al(B'lB— 7'17))=012(r1), possible due té(r;) <: 7, — 7,., which continues to hold under
the consistent substitutiat due to Lemma 6 (property 1).

iv. 6/(6]3) =012(r2), possible due té{r2) <: </(7,), which continues to hold undéf.
v. 0'{e|~) = 612(7), possible due td\(r,.) <: §(r), which continues to hold undét.

() From cases (5.b.i and 5.b.ii) and the I-App rule, we abtd’; Xk ey ex:ely|C, where
C=CiUCyU{mi=al(B'lB—~|7), T2=0]8}.

(g) From cases (5.d.ii, 5.e.ii, 5.e.iii, 5.e.iv, 5.e.v anf),3ve conclude that’ i, C ~ D1 U Dy

(h) From cases (5.d.iii and 5.e and 5.f), we ob#itt- {T", X, 7, C}

() By extendingC;» to C’ with appropriate entries for, 3, 3, 7, 4/, andd, and using case (5.d.iv), we
obtainC’ I {¢'(T"; Xk ey ea 1 7| C)[}.

() Finally, from cases (5.f, 5.9, 5.h and 5.i), we concludatC’; 6'; T'; X k- ey ez : 7| D1 U Ds.

6. Other cases are similar.

Theorem 11(Soundness of Type Inferencdj 0; I'; X e: 7| Dthend; D; T; Xk e: 7.

Proof. Follows from Theorem 5 and Lemma 1 (property 3). O

Theorem 12 (Type Chekability) If T; Xk e: 7| C andU(C) = ( Dy, 6.), then,3 6, such thaté; ,, D, ~ D,
0..s(e) is canonical,and,, s; D; T; Xk e: 7.

Proof. Follows from Theorem 7 and Theorem 2. O

Theorem 13(Completeness of Type Inferencdj 6; D; T'; ¥k e : 7,then3 ¢ D suchthat; T'; Xk e: 7| D.

Proof. Follows from Theorem 6 and Lemma 1 (property 4). O
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