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Abstract
This paper introduces a new type system that is designedafersystems programming. A key feature of
the type system is a new mutability model that combines eitlyliunboxed types with a consistent typing
of mutability. The type system is provably sound, suppodlymorphism and eliminates the need for alias
analysis to determine the immutability of a location. Theeraidentifies the chalenges posed by this type
system for type inference, and proposes a heuristic apprmesolving this problem.

1 Introduction

Systems programs rely on fine-grain control of data repitasiem and use of state to achieve performance, confor-
mance to hardware specification, and temporal predictpbRobustness and reuse of systems codes can be greatly
improved by leveraging modern programming language feata+ such as static type safety, type inference, higher
order functions, and polymorphism — but only if these featucan be provided without sacrificing the above men-
tioned requirements. No existing language supports bothese feature sets simultaneously. Therefore, systems
programmers continue to use Ada [8], C [LOK-& [9] or resort to domain specific and assembly level languades

first discuss the support for these features in existinguages, identify the challenges in combining these feattee s
and describe our approach toward solving this problem.

Type Inference and Polymorphism: Type inference achieves the advantages of static typirty avibwer burden

on the programmer, facilitating rapid prototyping and depenent. Polymorphic type inference (c.f. ML [18] or
Haskell [15]) combines the advantages of static type safiétty much of the convenience provided by dynamically
typed languages like Python [20]. Automatic inference dfypwrphism simplifies generic programming, and there-
fore increases the reuse and reliability of code. Safe laggs like Java [19], C# [16], or Vault [2] do not support type
inference. Cyclone [11] supports polymorphism only fordtians that are explicitly annotated with a polymorphic
type.

Representation Control: A systems programming language must be expressive enowggietify details of data-
structure layout (boxed or unboxed), alignment and aliocafstack or heap). This feature is essential for systems
programming for reasons of performance (ex: to control eaantd paging behavior), conformance to hardware speci-
fication (ex: page table entries), and interfacing with e@éC or assembly code and data. A careful implementation
of the standard TCP/IP protocol stack in Standard ML incussilastantial overhead of up to 10x increase in system
load and a 40x slowdown in accessing external memory rel&ithe equivalent C implementation [1, 3]. This shows
that in systems programs, data structure representatias isiportant as, or even more important than high level
algorithms.

The philosophy of ML-like languages is that programs spes@mantics and not realization (implementation). How-
ever, in systems programs, statements about represengaittblocation ar@rescriptive notdescriptive Compilers
like TIL [25] implement unboxed representation as a disoretry optimization. Prescriptive requirements are not
discretionary. First class treatment of representatioadsired in systems programming languages.



Mutability Support:  One of the key features essential for systems programmisiggport for first class mutability
(c.f. C). The support for mutability must be first class in flamse that any location (stack or heap) can be mutable, and
we should be able to specify mutability at field level gramityaMany modern programming languages — particularly
those that support type inference — do not support this fiestscnotion of mutability. ML does not support first class
mutability; all mutable cells must reside in the heap. Inkédisall state must be encapsulated within Monads [14]. In
contrast to the C-like languages, these functional langsdghave a mathematically sound notion of immutability.

We have identified three features — unboxed representatioigbility and polymorphic type inference — that are
desirable in a systems programming language. While seegisting languages support two of these features, none
combine all three of them elegantly. In this paper, we endety bridge this gap between systems programming
and modern language designs through the BitC [22] programgr@nguage. BitC is a direct expression of typed
lambda calculus with side effects, extended to be able teatehe semantics of explicit representation. It supports
polymorphic type inference and a new model of mutability ethis expressive and has sound semantics.

BitC is a call-by-value expression language. BitC’s supfmrunboxed mutability makes it desirable to allow some
freedom in the compatibility of types with respect to theintability at copy boundaries. This kind of compatibility
has ramifications for type inference since there is no lorgenique way to type an expression. However, usability
constraints require that we minimize the amount of type &tians required from the programmer. In this paper,
we discuss some of these issues, and present a solutiondrasesimple extension to the Hindley-Milner inference
algorithm [17] that applies certain heuristics to subjeadij infer theappropriatetype for all expressions.

2 The Language

BitC is a safe, systems programming language. A detailecrigiti®n of the language and its support for systems pro-
gramming (including a rich set of primitive data types angftalds, type classes [12] for overloading, representatio
of explicitly boxed and unboxed data-structures, disanaéd unions, tagged-unions with inlined discriminatets)

can be found in the language definition [22]. In this paper|imé& our presentation to a core calculus of BitC called
B in the interest of brevity. The user visible partlis defined below:

Patterns pu= z|p:7|(EpP) [[PI] [z:p
Values vi= ()| true|false| Ap.e| (v, v) |[ 7]
Expressions e:= xz|()|true|false|A\p.e|ee|e:T|e:= e|dup(e)]|e”

[(e,e) el |e2 |[€] | e e|match ewithpin e[else €]
|if ethen celse e|let z[o]=ein e

Types 7= «alunit |bool |7 —T|f7|¥r|TxT|[7]|T\C
Type Scheme o ::= 71 |Va.o
Constraints C:= (|{r=7|7=7}

Program variables are denoted byy, etc. and type variables by, 3, etc. X, denotes zero or mor&'s separated
by a semicolon. Th§ brackets denote optional parts of syntgk: represents a reference (pointer) type and
represents a mutable type. The type C is a constrained type with the set of constraifitsThe relation= will be
defined in section 4. Thiet construct can be used for allocating (possibly mutablekstariables and to create let-
polymorphic bindings. The expressidap (¢), where e is of type, returns a reference of typge to a heap-allocated
copyof the value ofe. The™ operator is used to dereference heap cells. Fheperator updates (mutates) both
stack and heap locations. Unlike Mi5 does not dereference its target. Pdi)s areunboxedstructures whose
constituent elements contiguously allocated on the starcik, their containing data-structure.1 ande.2 perform
selection from pair values. Lis{s.] have aboxedrepresentation.

3 The Mutability Model

Traditionally, there are two models of mutability studiedtihe case of imperative languages. One of them is the ML
model, where there is a clear separation between name pmaind updatable locations. All updatable (mutable)
locations live in the heap within “ref cells”. Fetching thalue inside a ref cell requires an explicit dereferencing op
eration. The major advantage of this approach is that typedefinitive about the mutability of every location, across



all aliases. In this sense, we can say that the support foability is mathematically “well-founded.” This model
benefits tools that perform static analysis or model chegkiecause conclusions drawn about location immutability
need never be conservative. This model of mutability alsweases the amount of optimization the compiler can
safely perform without complex alias analysis.

The other well known model of mutability is the C model, wherthe support for mutability is “first-class” in the
sense thalbcationswith mutable type can be passed as arguments and storedhistlattures. This model permits
mutation of stack variables and unboxed values. There igiamof Ivalueswhich are expressions that can be the
target of an assignment, amdalues that are otherwise used in computations. The extractiothefvalue from a
(mutable) location is implicit, and does not require dereficing. However, in this model, types cannot distinguish
mutable values from immutable ones. For example, in C itgalléo write:

const bool =*cp = ...; bool *p = cp; *p = false; // OK!

The alleged “constness” of the location pointed todpyis a local property (only) with respect to the aligs and
not a statement of true immutability of the target locati®he compiler or other analytical engines are not entitled to
believe that certain locations or fields are constant evea declared.

B supports well-founded first class mutability. Similar to Mikee impose the “one location, one type” rule.

let ¢p:fbool =dup(true)inlet p:ft¥bool =cp (* Error )
We see thatp has the type reference to bogl{ool ). This type is incompatible with that ¢f, reference to mutable-
bool (1Wbool ). In order to support unboxed mutability, we still need tovdn@ notion of lvalues. This not only
preserves the programmer’s mental model of the relatigriséiween locations storage, but also ensures that compiler
transformations are semantics preservingBlthe legal lvalues are defined b; ::=z | L,.1 | L,.2 | L,” | L, : 7

4 Copy Compatibility

SinceB is a call-by-value language, it is desirable that we allomsedreedom in the compatibility of types with
respect to their mutability at a copy boundary. For examipléhe following expression:
let fnzn=Az.(let ___=z:= _some-fnxnzin _fnxn-returning-unitz) in
let y:bool =truein fnan y
the type offnzn is (Pbool ) — unit , whereas that of the actual argumeris bool . Since the formal argument
is acopyof y and occupies a different location, this expression is tyfe.s\Ne refer to this notion of compatibility of
types agopy compatibility, denoted by&. In this examplebool = Wbool .

Copy compatibility need not be restricted to the outermastatility compatibility, but must not extend past a refer-
ence boundary in order ensure that every location has utygee We define copy compatibility fd as:
T=7 T=7 TIET, T T
TT T=Pr T T1 X T 2 T7) X 7

Copy compatibility can be permitted at argument passing, veriable binding, assignment, and basically at argu-
ment/return positions of all expressions, except wherevalu¢ is expected or returned. For example, the expression
(z: 7) : Uris illegal since identifiers are Ivalues, but the branchea obnditional can have different but copy com-
patible types, as inf truethen «:7else b:Ur.

5 Type Inference
We would like to employ an inference algorithm with the feliog properties:

1. The inference algorithm must be decidable without progreer annotations. The problem with programmer
annotations is pragmatic rather than ideological: easeabjyping requires that these annotations be mini-
mized.

2. The inference algorithm must ideally be complete. In theeace of principal types, it must minimize program-
mer annotations in the common case, and must be capablesaifiigf all sound types at least when guided by
explicit annotation. This requirement is orthogonal touiegment (1).



3. The inference algorithm must automatically infer polyptasm (without programmer annotations) in order to
maximize code reuse and encourage good software engigeerin

4. The inference algorithm must not require whole prograaiysis. Whole program inference precludes separate
compilation, poses scalability problems for large praggeaind can result in surprising behaviour if the inferred
types for a program change due to modifications in a distaniop¢he code base.

With these considerations in mind, we chose a variation @Hndley-Milner algorithm [17] inB. We now describe
challenges for type inference due to copy compatibilitplere the design choices, and finally present our solution.

Challenges Due to Copy Compatibility: When an exact type compatibility requirement is replacetthélanguage
design by copy compatibility, it is no longer possible toein& unique (simple) type for the expression. For example,
in the expressiotet p = true, we know that the type of the literédue is bool , but the type ofp could either be
bool or¥hool . Therefore, we give the so-called “maybe” typa |bool , which is a shorthand for the constrained
typea \ {« 2 bool }. The actual type will later get resolved to eitlmol or Tbool . Similarly, in the expression
(inferred types are shown besitle

let pr=(true falsgin ...| pr:al(8lbool x ~v|bool )
copy compatibility is introduced at both the pair constioict(arguments passed to the pair constructor), and the
formation of a new binding.

Why Should We Infer Mutability? It is natural to ask why mutability should be inferred at dlhat is: why not
require explicit annotation for all mutable values, ancemimmutable types by default? In a language with copy
compatibility, this will result in a proliferation of typenmotations. Constructor applications, (polymorphic)eyp
instantiations, accessor functiomsc. will have to be explicitly annotated with their types. Fomexple, if fst is an
accessor function that returns the first element of a padt;ams a variable of typelbool , we will have to write:

let xzyz=[ (fst (m, fals@ : ¥bool x bool )] :[ ¥bool]in
Therefore, if mutability is not inferred, it results in a féntial increase in the number of programmer annotations,
and type inference becomes ineffective.

Incompleteness of Inference The key idea of maybe types| 7 is to defer commitments about the mutability status
of types, and thus infer most-general types wherever plesdis a let-polymorphic language and enforces the value
restriction [27]. This means that the decision about theatility of types cannot— in general — be deferred past their
let bindings. For example, in the case of the expresdin: p =[] in ..., we cannot give the typeV «, 5 .6][a]

(or Va.¥[a] or Va.3][«a]). We must instead choose one of the polymorphic typga] or the monomorphic type
Bl[a] That is, there is no principal type that can be inferredorGiven this, we must fix these maybe types to be
either mutable or immutable at a let-boundary. That is, #@mgliage definition must pick some solution for unsolved
copy compatibility constraintseforetype generalization. |, we trade completeness of inference to obtain a more
expressive language without making major changes to thetgpe system.

Inference Considerations First, we consider how to resolve copy compatibility coastts at a let boundary. One
possibility is to fix all unresolved maybe types to immutal@desions. For example:

let pf=(n:%bool, Az.x)in ... || pf:Va.bool x (a— «)
This scheme will preserve all polymorphism possible, but mandate a programmer annotation for every mutable
value. If mutable variants are chosen instead, no polymsnpban be inferred by default. Therefore, neither of these
solutions are satisfactory. Further, from the standpdigobmd programming ideology and static analysis, the imferr
types must not be promiscuous with respect to mutability.

The previous section argued that we “lose” precision ofrirgfé types (with respect to mutability) by the introduction
of copy compatibility. Therefore, we can choose whethen(j to introduce copy compatibility at various constructs
like new bindings, function application/return, constars, conditional expressionstc. Another dimension of trade-
off is whether to permit copy compatibility to the maximunrméssible limit (as defined in section 4), or restrict it
to top-level shallow mutability compatibility only. A fumer option is to require that all polymorphism be contained
within function types, since function types can be polynicgeven if they abstract over mutable or maybe types.

Unless handled with care, full use of copy compatibility casult in the inferred types that are counter-intuitivetie t
programmer. For example:
let copyList = Alst.match st with [] in [] else
match Ist with z:: restin z:. copyList rest in ...
For a naive reader, the type aipyList appears to b&a.[a] — [a] but is actually the more general typ&:.a, [ .



[a] — [0] \ {« = 3}. Even though both the argument and return typeeopf;List are of (boxed) list type, they are

only required to be copy compatible becausgyList copies the constituent elements, thereby using new latstio

Now, if we default maybe types that are ultimately unresdiiceimmutable, in the following definition we obtain:
let mutLst2 = copyList mutLst : [Tbool ]in ... || mutLst : [bool 1!

which is a correct typing, but is most likely not what the pragmer expects.

6 Type Inference inB

Having identified the various issues and trade-offs invblvetype inference, we now describe the particular design
choices made in Bit@ for handling copy compatibility. They have been driven intgay our experience writing
BitC programs. InB, we allow copy compatibility to the full extent, up to a reface boundary. We allow copy
compatibility to be invoked at arguments and return posgiof all expressions that do not expect a location (lvalue).

At a let boundary, an unresolved maybe typr is resolved tor. Intuitively, this means that we will default maybe
types to the types of their original copies unless a betf@z ty inferred or specified. The typeof the original value is
remembered as a “hint” to fix unresolved maybe types at a lehdary. Here, we are approximating the user’s intent
to the lexical “flow” of type information. For example, in tii@lowing expression,

let mb:¥bool =trueinlet 1 =[mblinlet 12 :W¥[bool ]1=[ mb]
the types|[«| ¥bool ]is first inferred for bothi7 and/2 (due to copies at list construction and binding). In the case
of /1, the final type is resolved tolfbool ]in accordance to the hints since we have no further infoionafl he type
of /2 is W[bool ], since we have a (consistent) annotation — there are nsoiverl maybe types. Further, under this
scheme, théist Copy example described in the previous section gets the moriivettypeVva.[a] — [«]. In the case
of conflicting hints, we pick the most immutable type obtileafrom all hints. This ensures that inferred types are
always deterministic. For example:
let bp =if truethen ( true, false : ¥bool x bool

else ( false true) : bool x ¥hoolin ...| bp:bool x bool

Here, the hints provided by the two branches of the do not agree, and we resolve the conflict by picking
bool x bool as the effective hint.

In the case of locally defined identifiers, the top-most militgbis inferred by studying the syntactic usage of the
identifier. That is, if the identifier is used as the target wfagsignment.€ ), it is given a shallowly mutable type.
This is anad hocrule that reduces the need for explicit programmer anrmmtatin the common case like iterators.
In a full language like BitC, this rule must not be used forlglts in order to keep inference deterministic. Further,
this “infer mutability first” rule cannot, in general, be exided beyond shallow mutability. For example, in the
expressioet fPtr =dup (Az.z)in ( useF1 fPtr, useF2 fPtr) , we do not have enough local informatibafore
type inference to determine whetheseF'7 and useF'2 set the contents of the cell pointed to igtr, or use it
polymorphically.

Due to copy compatibility, two function types agqualregardless of the shallow mutability of the argument andrret
types. Therefore, we enforce a syntactic restriction tiduaction types must be written with immutable types at
copy compatible positions. The intuition here is that tyjp@ éunction must be described in the interface form, and
must hide the “internal” mutability information. For exatapfor the function definitiotet f = Az.z := truein ...,

the external type i$ : bool — unit , and the internal type i6: ¥Ybool — unit

We must ensure that the internal types of a function do noaeénite the result type of applications, but the effect
of arguments on the return types must be preserved. Thigenthat the implementation of an abstraction can be
changed (ex: from a pure recursive computation to loop wiagl mutation) unbeknownst to its callers. For example:

let p:Wbool =truein || »: Tbool
let f=MAz.pinlet g¢g=Az.zin || f:Va.aw— bool ;g:Vaa—«
let ff=fpinlet gg=gpin ... || ff:bool ;gg: ¥bool

The functionf returnsp : Wbool , regardless of its input. The external typefohbstracts away the mutability of
and thus/f gets the typdool . g is an identity function which returns its argument. The exéttype ofg preserves
the mutability of the actual argumept and thusyg gets the typelbool .

Mutability PolymorphismA type is said to be mutability-polymorphic if it ranges ol [im]mutability variants of



a particular type. For exampléq.a|bool is mutability polymorphic ovebool . By far the most useful case of this
feature is to define functions that are mutability-polymugover concrete types, since functions with a polymorphic
type such a¥a.a — « are polymorphic over all types, mutable or immutable. Thevatinference algorithm tries to
heuristically fix the mutability of all expressions (inciad functions). However, this behavior can be overridden by
explicit annotation. For example, the definition:

let allTrue :Vo.[ albool] — bool =..in ...| allTrue : Va.[ a]bool] — bool

definesallTrue, a function whose argument is mutability-polymorphic ojlerol]

7 Formalization

We now formalize our type system and inference algorithme Buspace limitations, we will limit our presentation
to the following subset dB, calledB’.

Syntax
Identifiers xi= ylz]..
Stack Locations = 4l|ly ]| ...
Heap Locations ¢::= {1 ]/ls] ...
Locations L= 14
Values vi= ()| true| false| £ | \z.e
lvalues L= 1|0
Expressions ex= wll|leele:T|e:= ¢
[ dup(e) | ¢
|if ethen celse e
|let “z[:t]=ein e
Let-kinds xi= -|k|Y|V
Types 7= alunit |bool |7—T
ref / pointer | 7
Mutable type | Ur
Type Scheme o= 71 |Vao

All the above syntactic forms can be parenthesized withbahge in meaning. The let-kind “-” is a placeholder for
the unkinded (inputlet form. A substitution is of Z for Y in X is written using the stdard notation: X[Z/Y].

The calculus o3’ defines two kinds of locations: stack locations holding wdabvalues, and heap locations holding

boxed values. Heap locations are first class values, bk kieations are not. This distinction is sufficient to illcee

the two cases that must be handled by the type system: the dfpalues passed / copied by value (only) need to
be copy compatible, but the types of values passed by refenerist be strictly equal. More complex rules can be
constructed based on these primitive cases.

In this calculus, we make a distinction between two “kind&let expressions —et *: monomorphic, possibly
mutable definition, antet Y: polymorphic definitions. The two kinds ¢ét expressions have different execution
semantics. This distinction is similar to Smith and Volparfeolymorphic-C [23]. However, unlike Polymorphic-C,
let-kind ismeta syntaxand is not a part of the input program. The correct kintebf is inferred from the static type
information. The kind “-” is a placeholder for the unkindegutlet expression. We writéet to range ovetet ¥
andlet Y.

7.1 Dynamic Semantics o3

Syntax
Stack S:= 0[S, l—w
Heap H:i= 0|H,{—w

The system state is represented by the triple & Ebnsisting of the stack S, the heap H, and the expresstorbe
evaluated. Evaluation itself is a two place relationshipis¢ = S'; H'; ¢’ that denotes transformation in the system
state due to a single step of execution. Figure 1 shows tHaadian rules for our core language. We assume that



Rule Pre-conditions Evaluation Step

E-Rval S() =v S;H; 1= S; H;v

EL-Tq S:H;e:7= S;H;e

E-Tq S;Hje:7=S;H;e

E-Let-Tq S;Hlet z:7=e1in ea=S;H;let z=e1in eo

E-Appl#  SiHie1= S ;H' el SiHjeiea= S H el e
E-App2# S;Hiea=S;H;et S;Hjviea=S;H; v e

E-App | ¢ dom(S) S; H;Az.e v =S, |— v; H; e[ll z]

E-If# S:H:ie=S:;H:¢ S;H;if ethen ejelse ey = S;H;if ejthen eselse es
E-If-True S; H;if truethen e;else es = S;H;e;
E-If-False S; Hjf falsethen e; else es = S; H;es
E-Dup# S;He=S;H;¢ S; H;dup(e) = S; H'; dup (¢')

E-Dup ¢ ¢ dom(H) S; H;dup(v) = S; H, £ +— v; ¢

EL-"# S;He= S H;¢ S;H;e" = S H; "

E-"# S:Hie=S:H:¢ S;H:e" =S H:e"

E-" H) = v S;H;¢" = S;H;v

E-:=lhs# S;Hie1 = S H el S;Hie1:= ea=5;H;el:= e

E-:=rhs# S;Hea =S H e, SH £:= ea=SH; £:= ¢

E-:=Stack S, v H = v2= S, l— w2 H; ()

E-:=Heap S;H{ — v1; 0= w2 = S;H,l— v2;()

E-Let# S;Hie1 =S H e}l S;Hijlet z=e1in ea =S ;Hlet z=¢elin e
E-Let-M | ¢ dom(S) S;Hilet Yz =wv1in ez =S, l— v1; H; eafl/ 2]
E-Let-P S;Hjet Yz=v1in ex=S;H;es[vi/z]

Figure 1:Dynamic Semantics

L-1d L-Hloc L-Sloc L-Deref L-Tq
}Tual €
Hoar T Foar £ Hoat | Hou € Boa €07

Figure 2:Location Semantics

the program is alpha-converted so that there are no namision$ due to inner bindings. Following the theoretical
development in [5], we give separate execution semanticiefoand right execution (evaluation of expressions that
appear on the LHS and RHS of an assignmgnt ¢,.) denoted by= and=- respectively.

Since the E-Dup and E-" rules work only on the heap, we can cayyure references to heap cells. Stack locations
cannot escape beyond their scope since E-Rval rule perfionpigit value extraction from stack locations in rvalue
contexts. State updates can be performed either on the atackthe heap (E-:=Stack and E-:=Heap). The stack is
modeled as a pseudo-heap. This enables us to abstract aady siech as closure-construction and garbage collection
while illustrating the core semantics (they can later béaeiindependently).

7.2 Static Semantics o3

Syntax

Types 7= «lunit |bool |7—7T
| fi7 | OT

Constr. Type pi= 1|7\C

Type Scheme o= pl|Vao

Constraints cil= a<xiT

Constraint Sets Cx= 0|{c}|cuUcC

Binding Environment I'::= (|, z+— o0

Store Typing Y= 0% LT

Logical Relations Q= true|false | QAQ[QVQ
| =Q | Predicate(€2)

Solvable Entities wi= 71| |X]e



T-Id T-Unit T-True T-False
T'(z) =Va.r

T X Fx:r[malal ;2 F():unit T'; ¥ true: bool T'; ¥+ false: bool
T-Hloc T-Sloc T-Lambda
) =71 X)=7 Dz—T11;2Fe:Ts
I A I T2 F Azee:y(r1) — A(12)
T-App T-Set
'YFer<imo—=70 ¥ Fea<iTo To<iT) I'YFer<:Ur ISk ea=xiT huy el
;Y ke e2:Th ;Y Fep = ez :unit
T-TqExpr T-Dup T-Deref
T:YkFe:r I'YFe<iT7 77T MYkFe<ifr
Ik (e:7):m ;S Fdup(e): o7 ;e o7
T-If

I'YFe<x:bool I'Y¥Fer<iT7 IN'Sbes<iT 7' x:7
;X Fif eithen eselse es:7’

T-Let-M [Tq] T-Let-P [Tq]
'YFerim1 7711 'Y¥Feaeximi 711 'Y erhGa7<0
Iz—T1,2Fe:To bemxio Iyzr—o, Xt es:To
;S (let Y z[i7]=e1in e): T2 IS F(let “z[ir]=erin es): T2
G-Value .
Value(e) Immut(7) G-Expansive Q;Lgi. S-;I'(;TEIT'IT oA
a=ftv(r) \ ftv(D) \ ftv(X) TS ehr<r o T

I Y elen 7 < Vaur

Figure 3:Declarative Type Rules

S-Mutl S-Mut2 S-Ref S-Fn
=T =7 TI=T] T2=Th
W Ur < U I < T — To <IT) — Th
S-Refl S-Trans
TOXIT1 T1 =172
TT To -T2

Figure 4:Copy Coercion Rules



We represent mathematical properties as: assumption subject.

Figure 4 shows the copy coercion rules. The location sers(itialue) rules are shown in figure 2. Figure 3 shows
the declarative type rules, rules for type generalizatidhe standard type judgmeht ¥ + ¢ : 7 is understood as:
given a binding environmerit and store typing:, the expressior has typer.

We use the following shorthand notation:
[T;XFexir]~ [0 8Fe: 7, 7x:7]
Figure 3 shows a generalized declarative type system aondiassd rules for type generalization. The type judgment

I'; ¥ F e: 7is understood as: given a binding environmErand store typing:, the expressiom has typer.

Definition 1 (Algebraic equivalences)in our algebra of types, we define the following equivalengéd:rr = Ur.
That is, the mutable type constructor is idempotent.

Definition 2 (Copy Compatibility) We define the copy compatibility relationship)(as follows:
= T
TT TUT Wr 7!

In terms of the copy-coercion rules shown in Figure 3, we cafingé copy compatibility as:
T1 =T =71 X V(T2)

The S-Ref rule ensures that copy compatibility does notrekteeyond a ref-boundary. Since two function types
are equal regardless of the shallow mutability of the argunaad return positions, we write all function types in
normalized form. The (contravariant) argument type is tentin the maximally immutable form (devoid of shallow
mutability), and the (covariant) return type is written hetmaximally mutable form. This ensures that the “outer”
type of a function is maximally permissive with respect totahility. The S-Fn rule therefore is invariant in terms of
its arguments and return types. [This normalization isedéht from the type displayed to the user, which is discussed
in section 6.]

Definition 3 (Max and Min Mutability) The operators\ andsy increase or decrease the mutability of a type, and
are defined as:

A(¥7) = U7 andA(r) = U7, wherer # U1’
v(¥7) = 7 andv/(r) = 7, wherer # U7’

Itis obvious that/'7.5/(7) = 7 = A(7), andVr, /.7 = 7' iff /(1) = (7)) iff A(7) = A).

Definition 4 (Structural Containment)We define a structural containment relatiere w as follows. 7 € 7/ if 7 is
structurally present as a part af. 7 € ¢ if 7 is structurally present as a part af, as a type annotationr € T' if
Jz— 7 €T suchthatr € 7. 7€ X if 3L — 7/ € ¥ suchthatr € 7. We writer € T if 7 € w, for anyw € {&}.

Definition 5 (Free Type Variables)We denote the set of free type variables in a type ftv(r).

ftv(a) = «

ftv(unit )= {}

ftv(bool )= {}

ftv(fr) = ftv(r)

ftv(Wr) = ftv(r)

ftv(ry — 72) = ftv(r1) U ftv(72)
ftv(m) = U ftv(ri)

ftv(o) = ftv(a) U ftv(r), whereo = Va.r
ftv(T') = U ftv(o;),V 2 — 0, €T
ftv(X) = ftv(r;),V L—> 1, €%
ftv(e) = U ftv(r;),V 7, € e
ftv(@) = U ftv(w).



Definition 6 (Value Restriction) We define some definitions used in the enforcement of valieties in Figure 3.

Value(v) = true

Value(z) = true

Value(?) = true

Value(l) = true

Value(e : 7) = Value(e)
Value(dup (e)) = Value(e)

Value(e™ ) = Value(e)

Value(if e; then ey else e3)

= Value(e) A Value(ez) A Value(es)
Value(let z = ey in e2) = Value(e;) A Value(ez)
Value(e (otherwise) ) =false

Expansive(e) = —Value(e)

Immutable(unit ) = true
Immutable(bool ) = true
Immutable(r; — 72) = true
Immutable(fi7) = Immutable(7)
Immutable(r (otherwise) ) =false

Immut(unit )= true
Immut(bool )= true
Immut(a) = true

Immut(r; — 72) = true
Immut(fi7) = Immut(7)
Immut(Ver.7) = Immut(7)
Immut(7 (otherwise) ) =false

Mut(r) = =Immut(7)

Definition 7 (Stack and Heap Typing)A heap H and a stack S are said to Well typedwith respect to a binding
contextl” and store typing:, and writtenl'; ¥ F H + S if

1. dom(X) = dom(H) U dom(S)
2. V¢ e domH),T;  F H(Y) x: X(0)
3.Vl e dom(S),T; ¥+ S(l) x: ()
Lemma 1 (Inversion of Typing Relation) 1. IfT"; ¥ + () : 7 thenr = unit .
2. IfT'; ¥+ true: 7 thent = bool .
IfT'; ¥ I false: 7 thent = bool .
IfT; X+ ¢: 7 thent = {7/,
IfT; X F Az.e: 7 thent = 7} — 75 such thatr} = /(71), 7 = A(72), and,I’, z — 71; Sk e 7.

fI; ke irthenl; S F e <: 7.

A L

Other cases are similar.

Proof. Immediate from the definition of typing relation. O

Lemma 2 (Inversion of Copy Coercion) 1. If 7 <: bool thenr = bool orr = Wbool .
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2. If 7 <:unit thenr =unit or7 = ¥bool .
. frxi7 = 71othent =71 — 179 0r 7= V(11 — 79).
4. If 7 . i’ thent = i/ or 7 = U{pr'.
5. If 7 <: U7/ thent = U7 such that” <: 7.
6. If 7 <: U7’ thent <: 7.
Proof. By induction on the copy coercion derivation. O

Lemma 3 (Canonical Forms) 1. Ifvisavalue,and’; ¥ v <: unit , then,v is ().
2. Ifvisavalue, and’; X I v <: bool , then,v is eithertrueor false
3. Ifvisavalue,and”; ¥ - v <: {7, then,v is ¢, £ € dom(X).
4. Ifvisavalue,and’; X F v <: 71 — 72, then,v is Az.e.

Proof. By induction on the derivation df; ¥+ v <: 7.

If T'; ¥+ v <:bool , we havel’; ¥ v :7 and T <: bool by Inversion of copy coercion relatior, = bool or
7=Wbool . If 7 =bool , itis clear that the final rule in the derivation must be T-Gror T-False, in which case the
result is immediate. The case= Wbool cannot happen because there is no rule that derives a miyaleléor a
value, and we assume that the induction hypothésis+ » : 7 holds.

Other cases of the lemma are similar. O

Lemma 4 (Progress) If ¢ is a closed, well typed term, that i&, > F e : 7 for somer and X, given any heap H and
stack Ssuch thdt; ¥ FH + S,

1. If k. e, thene is either a valid lvaluef (thatis,£ =1,1 € dom(S)or£ = (", ¢ € dom(H)) orelsed ¢’, S, H’
such that:S; Hie = S; H’; ¢'.

2. eisavaluev orelsed ¢/, S, H suchthatS; He = S; H’; ¢'.
Proof. By induction on the typing derivation.

1. Case T-Unit, T-True, T-False, T-Hloc, T-Lambda: (ValuBesult is immediate for right execution, and cannot
happen for right execution

2. Case T-Id: cannot happen, there is no execution rule fialvies.

3. Case T-Sloc: Immediate for left execution. Right exemutind can always continue with E-Rval rule as the
stack is well typedI(; X - H + S).

4. Case T-App: Only right execution is possible, no appiarats well typed as an Ivalue. We have=e; es,
e1 <. T1 — T2, andey X: 71. If €1 Or e5 is Not a value, we can take E-Appl# or E-App2#. Otherwise,,whe
bothe; ande, are values, by canonical forms lemma,is of the formAz.¢’, and we can take the step E-App.

5. Case T-If: Similar to T-App, only right execution is petted.

6. Case T-Set: Only right execution is applicable. We haveie; := es, ¢1 <i71 — 72, [} X F eg 1 VT,
'Y ke <7, and K, e;. If e; not an Ivalue, since we havg,, ¢; we can take E-:=lhs# by induction
hypothesis. Similarly, if5 is not a value, we can take E-:=rhs#. Finallygif= £ ande; = v, we can take the
step E-:=Stack or E-:=Heap as applicable.

7. Case T-Dup: Only right execution is permitted, and cae &Dup# or E-Dup as applicable.
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8. Case T-Deref: We have:=¢;", andl’; X |- e¢; <: fi7. Execution can take EL-"# or E-"# as applicableiifis
not a value. Ife; <: f}7 is a value, then, from the canonical forms lemmaaz= ¢, ¢ € dom(X). Now, since this
is an Ivalue, we are done in the case of left execution. In #se of right execution, we can take step E-" since
the heap is well typed{, > - H + S).

9. Case T-Let-M: Only right execution is applicable. We have=(let Yz =¢;in e), 7<:71,
I3 e1 k., 7<o,andy, z:0, and’, z +— o; X ez 1 79, If €1 is not a value, we can take E-Let#. Oth-
erwise, we can take E-Let-M.

10. Case T-Let-P: Only right execution is applicable. We ehave=(let Y z=e,in ey), 7<:71,
;% e1h, 7<o,andy,, x:0, and’, z — o; X F ey : 79. If €1 is not a value, we can take E-Let#. Oth-
erwise, can take E-Let-P.

11. Case T-TqgExpr and Case T-Let-M-Tq, T-Let-P-Tq are simil

O
Lemma 5 (Weakening) We will writel'; ¥ - e : 7 < ¢ as a shorthand fof"; X - e : 7, andI’; 3; e k., 7 < 0.
1. IfI'; ¥ F e: 7 then,
(@ fI"D>T'thenl’; X Fe: 7.
(b) If¥X DX thenl’; X' Fe:T.
2. i Y Fe:7<o0,0=Va.r
(@) fIY DT andftv(I) N ftv(@) = O thenl’; X+ e: 7 < 0.
(b) If ¥ D ¥ andftv(X) N ftv(a) = O thenl; X' Fe: 7 < 0.
Proof. Straightforward induction on the typing derivation. O

Lemma 6 (Value Substitution) If T', 2 : 0; ¥+ e : 7, Immut(c) andT; X+ v : 7, andT; X; ek, 7, < o then
I 2k elvlz]: 7

Proof. By induction on the typing derivation df, = : o; X I e : 7. We proceed by case analysis on the final step of
the derivation.

1. Case T-ld: We have =y, wherey € T, z, 0.

There are two sub cases to considerz K y, then,y[v/z] = v, and the result type is an instantiation of the
type schemer. One of the assumptions of the lemma statesthat+ v : 7, < 0. Thatis,7 C o, and we
can infer any more-specific type (and in particular the typeg instantiated at the T-1d rule) instead for this
substitution of the expressian Therefore, we have; 3 - e[v/z] : 7.

If © # y, theny[v/z] = y, and the result is immediate.

2. Case T-Lambda: We have= \y.e¢/,andr =71 — 79, andl’, z i o,y : 71, X F €’ : 7o.

We can assume that# y. Since it is clear that the type; of y can either use variables already Iin
or fresh type variables, we know thétv(T', y : 71) N ftv(c) =(. Thus, by weakening lemma, we have:
I,y:7m1; X Fv:7, <o, and, by induction hypothesik, y : 71; X F ¢/[v/z] : T2. Finally, by the T-Lambda
rule, we have:l’; ¥ + Az,.(¢/[v/z]) : 71 — T2, and thusl'; ¥ + Azy.e’[v/z] : 71 — 72, which is the desired
result.

3. T-Set case is similar, except that the substitution cehappen on the LHS of an assignment, since we do not
perform substitution of mutable values.

4. Other cases are similar.

12



O
Lemma 7 (Location Substitution)If T, z : 7; X F e : 7, and forsome&2’ D X, X(l) = 7¢ :, thenT'; ¥’ F e[l/ z] : 7.

Proof. By induction on the typing derivation df, = : 7; ¥ I e : 7, similar to lemma 6. O

Lemma 8 (Stack and Heap Assignment) 1. f I'; X FH,/— v+ S, andX({)<x: 7, and I'; X o' : 7, then,
I''YFH, = +S.

2. Similarly, if; X FH + S, I— v andX(l) <: 7, andl’; X =o' : 7, then,'; X H + S, |— 2.

Proof. Immediate from the definition of stack and heap typing. O

Lemma 9 (Preservation)If I'; ¥ F e : 7 andT’; ¥ + H + S then,

1. If S;H; e = S; H’; ¢, then, there exists &8’ D ¥ such thafl’; ¥’ ¢’ : 7andl'; ¥’ - H + S.
2. IfS;H; e = S; H’; ¢, there exists &’ D Y such thaf; ¥’ + ¢’ <: 7/, T; ¥ F H' 4+ S and<y(r) = (7).

Proof. By induction on the derivation df; ¥ F e : 7. We proceed by the case analysis of the final step.

1. Case T-Id, T-True, T-False, T-Hloc, T-Lambda cannot lespp

2. Case T-Sloc: Only right execution is applicable. We havel andX(l) : 7. The only applicable step is E-Rval,
and we have’ = S(l). From the definition of stack typing, we have: S{) ¥(I) and thuse’ <: 7 which implies

v(r)=v().
3. Case T-App:e=ej e, andT; X ey im0 — 70, andI'; X+ ey <: 72, and 79 <: 7, and e : 7 where
To = \(7h)T0 = A(1() and .
This cannot happen for left execution. For right executie@ proceed by further case analysis of the applicable
execution rules for S; He = S; H'; ¢’.

(a) Case E-Appl#: We have: S;H; = S;H’; ¢} ande’ =€} es. By induction hypothesis, we have:
I Y Fe) xima— 79 for someX O X. One of the assumptions of the T-App rule states that
T'; ¥+ es <: 72, and by weakening lemma, we haig,X’ - e <: 75. Finally, by the T-App rule, we
conclude thatd} ez) : 7.

(b) Case E-App2#: Similar to the previous sub-case.

(c) Case E-App: We have;; = \z.eg andes = v and ande’ = eg[l/z] and S, I— v; H; e; = S H'; €].
By the inversion lemma fokxz.ep we havel’, ¥ - ¢ @ 74,.
Further from location substitution lemma, we havex’  eg[l/ 2] : 7, whereX’ D ¥ andX(l) : 75.
Thus, we have( <: 7(, andr, <: 7. Therefore, it is clear thay (r(,) = /(7).

4, Case T-Sete = ¢y ;= eg,andl; Xk eg <:Ur,andl’; X F ey <7 hu €1
If the step taken is E-:=#lhs or E-:=#rhs, the result folldnsm the induction hypothesis and T-Set rule (as
in the case of T-App). If the step taken is E-:=Stack or E-:apiethe result follows from the stack and heap
assignment lemma.

5. Case T-Deref: We havez = ¢/~ andT; X + ¢’ <: 7. If the step taken is EL-"# or E-"#, the result follows
from induction hypothesis and T-Deref rule. If the step rakeE-" (right execution only}’ is a value, and
from canonical forms lemma, we know that=/¢ and¢ € dom(X) and the result follows from the fact that

I'"'YFH+S.

6. Case T-Let-P: Right execution only. We haves (let Yz =¢;in ep) andl’; ¥ F e; <: 71 and7 <: 71 and
;3 e1 b, m<oandl', z — o; ¥ F ey : 72. There are two sub-cases to consider:
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(@) If we take step E-Let#, S;Hy = S; H’; ¢} ande’ =(let Yz =¢}in ey). If e=v Itis clear that
Value(ey) implies Value(e}). Now, the result follows from the induction hypothesis ahd E€-Let-P
rule.

(b) If we take the step E-Let-B,= (let Yz =vin ey) Sincez : o has a polymorphic type, (that is,= Va.7)
we know thafimmut(7). Also, from canonical forms lemma, all values have an imrlgtéype. There-
fore,™ = 1. Now, the result follows from value substitution lemma.

7. Case T-Let-M: Similar to T-Let-P, except that we shouldagls use the GEN-EXPANSIVE rule during gener-
alization, and use the location substitution lemma instédhe value substitution lemma

8. Cases T-If, T-Dup, T-TqExpr, and T-Let-M-Tq T-Let-P-Tieeaimilar.

O

Definition 8 (Stuck State) A system state S; H; is said to bestuck if ¢ # v and there are no’SH’, ande’ such that
S;H;e=S;H; €.
Theorem 1(Type Soundness)f (); - e: 7andl’; © - H + Sand S; H;e = S; H’; ¢/ then & H’; ¢’ is not stuck.

That is, execution of a well typed expression cannot leadstiniek state. Heres> represents the reflexive-transitive-
closure of=.

Proof. By straightforward induction on the length ef. If ¢ = v, proof is immediate. Otherwise, from Lemma 4
(Progress), we know that we can take at least one step forwaither, from Lemma 9 (Preservation), we know that
a (left/right) execution of a well typed expression in withspect to a well typed stack and heap will always result in
another well typed expression, stack and heap. Proof ndamislfrom induction hypothesis. O

7.3 Heuristic Type Inference

Syntax

Types 7= «alunit |bool ||7]— [7]

[ 7 | UT
Maybe Type | 717

Unct. Types ¢u= alunit |bool |[s]— [<]
| fis | Wg

Type Scheme o := 71 |Va.o

Constraints ci= TET|TET|TT

Constraint Sets C::= (|{c}|CUC

Substitutions 6= () |[a—T]|[k— ] |00

The application of a substitutichon X is written asf(X). As a matter of notational convenience, we wrifg;, to
meand,, o 6,. Note thatf, ,(X) =0, o 0,(X) = 0,(0,(X)) = 0,{0,(X)).

Definition 9 (Meta Constructors)| 7| and[r] are "meta-constructors” which (respectively) minimizedamaximize
the mutability of a type, but are interpreted lazily. The aebnstructors are idempotent.

Note that in our type system, we have restricted meta typbe gyntactically present only as part of function types.

Definition 10 (FTVs (Extension)) We enhance the definition faf/(...) in Definition 5 as follows:

ftv([m1] — [72]) = ftv(r1) U ftv(r2)
ftv(7y = 72) = ftv(r1) U ftv(r2)
ftv(71 = 79) = ftv(ry) U ftv ()
ftv(7y < 7m2) = ftv(ry) U ftv(r)
ftv(C) = U ftv(ci),V ¢; € C
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M-Mutl M-Mut2 M-May1 M-May?2 M-May3

<7 3(r) <: () T#a 7T 'ta T
Ur <7 Ur < U’ alT <7’ Tl <" T
M-Ref M-Fn M-Refl M-Trans
=7 i<ty Ty <ir! T <iTy T <7y To<iTi 71 <iTo
7 <7’ [71] — [72] <0 [71] — [72] T To ST
J-Id J-Unit J-True J-False
I'(z) =Va.r
I-{r, =, r[m/al} I-{T, =} I-{r, =} I-{r, ¥}
T Y5 2 r[mla] ;25 () unit I'; ¥ 5 true: bool I'; ¥ 5 false: bool
J-Hloc J-Sloc J-Lambda
() =71 X()=7 Dz—T1, X5 e
I-{T, ¥} I- {T, ¥} I-{T, &, e, 71, T2}
Y5 e:r mYElor Y5 Azee: |11] — [12]
J-App

D¥Gerimn i< |ra] = [rr] TiXFe2:ima 72 S(1a) 70 K0 S(7)
IF{T, 5, e1, ea, 7, 71, T2, [Ta] = [7-]}

INYEkeiex:r
J-Set J-TgExpr
I'EFer ¥ mi<ir I¥bKexiTa 12o<i7m I'Y¥ke:r
b €1 IF{D, 3, e1, e, 7, 71, T2} IF{l, %, e, 7}
[;SF er = es:unit EE(eim):T

J-If
I'Y¥kFei:m1 71<ibool T ¥bKer:irme 7o<i7 INXbes:iTs 73<i7
7' <t WAL, %, e, e2, es, 7, T/, T1, T2, T3}
;X Eif  eithen eselse es:7’

J-Dup J-Let-M [Tq]

Ybe:r 7 < 77 <7 I'YXber:mn mi<ir Q7 e Xk exiTo
I-{T, =, e, r, 7, 7"} I-{T, X, e1, e2, 7, , T1, T2}

;2 dup(e): 7”7 ;B (et Yz[]=eiin es): 7o
J-Deref J-Let-P [Tq]
O Yke:r 7 Qifpr Y¥ber:mi <t <1t ItYeibw <0 hmazio
I-{T, %, e, 7, 7'} Dz—o;Xhe:ima IH{T, X, e1, e2, 7, , 71, T2}

)5 e o7 IyEb(let Vz[]=erin e2):72

Figure 5:Intermediate Declarative System
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I-Unit I-Hloc I-Sloc I-Id

) =T1 >)=1 I(z)=Var k,B
;2 () unit INSETAE tx oYkl I; Sk z:r[fla]
I-True I-False I-Lambda
Ne—aXhe:7||0 E,a
T'; 2k true: bool I'; X K false: bool ;X B Aze: [0(a)] — [7]] 0
I-TgExpr I-Dup
DiSbert |0 0u by 7' =0:(7) Yke:r||0 7'=alr kB,
LSk (e:7):0u(7) [ Oia ;X Edup(e):qir' | 6

I-App
DXber:mi||6r 01| TiSKea:7e| 02 0f Ky O2(r1) =8L(10] — [a])
Oa by T2 =71V (07(0)) T=elV(ars({a) I, aByde
I'¥hFeiex:7] 01250

I-If
F;Eh(ﬁ L T1 H 01 01 H F;ZHez:Tz || 92 01_2 H F;ZhegiTg H 03 '%zw aﬁwés
0 .y 03(T2) =l 05 Fons 0¢(T3) =v10:(8) 0. s 92A3.tAf<T1> =d|bool  0=0123.c1.f
;Y Eif erthen exelse es:eljoin(@(ra), 6(rs)) | 6

I-Set |-Deref
F;Zh€1:7'1”01 01|\F;Ehez:rz||02 —0 @ F;Ehe:T”@i Ewaﬂ
01 By 02(m1) =Pa 0y by 0i(12) = Bl02.(T1) ha e Ou by 7=Bc
'Y b er:= ex:unit || 0120, 'Y e 10iu(a) | i
I-Let [Tq]

I'Eher 71|01 0w by O01(T) =alm1 b5 2 eaby O1.u(T) >7 0=01.4.
O); 0(2);0(e1)ben 7' <0 ziok, k=3 O||T,z—0;Shexital02 |,
F;Zhleth[:T]Zelin ex 72|00k 2] 002

}70(‘, ‘II::O- '76’7‘771/ ‘,1‘,:0-
riobk, k=1 r.ok, K=V

Figure 6:Type Inference Rules.

U-Refl U-Commut U-Tvar U-Mut
Oty T=7 a#T Ob.y T1=T2
Dby T=7 Oby 7' =7 [ — T] =T Ok, Y11 =VUTy
U-Ref U-Fn
Ok T1=7T2 0 by V(1) =v(th) 0 Ky AO(12)) =A0(75) |k, 000
0 hﬂzf ﬂTl = ﬂTQ 0o 0/ 'Tmf \_le - |—7-2-‘ = \_TIIJ - |—T,2.|
U-Mb-Mb T=71lT2 S(12) =75
0 by S =S(rh) 0 by 0(r1) =0(r2) |, 000 ECEr S
000 b, TilTi =T2]Th AR
U-Mb-Oth T4 T|T
Ta#TalTh ToFa Ok, SED=V(rs) 0k 0(r1)=0(rs) 000 N OESIOR
000 by T1lTI =72 v

Figure 7:Unification Rules.
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Solve-Known Solve-Mut Solve-Immut

T#ETIT2 OkTi>T Ok 712 >>7 mut(z, e) Ok Tilre o> 71 —mut(z, e)
0; x5 e Ky 7> T 0; 25 € Kope 1172 2> A(T) 0; x5 e Kope 1172 2> 7(7)
Sol-Unit Sol-Bool Sol-Mut
Ok 1:>171
0k unit > unit 0k bool > bool Ok Ur > Ur'
Sol-Fn Sol-Ref
Ok T1>>70 0K 0(r2) > 75 Ok 7> 71
G090 [ra] = (721 5> [0(71)] — [75] Tk fir > 7
Sol-Ct-Var Sol-Ct-Const
Ti1=a Ok 712> 75 0 =[ar— 75 Ti#a B Adrlr} 0k7i>> 7]
0ol Kk T1ilma > 75 Ok T1lm2 > 7!

Figure 8:Solving Copy Compatibility Constraints.

ftv(p) = ftv(r) U ttv(C), wherep = 7\ C
ftv(o) = ftv(a) U ftv(p), whereo = Va.p
ftv(ry | 72) = ftv(r1) U ftv(S(72)).

Definition 11 (MTVs). The functionntv(w) = @ is defined to be the set of all type variables within the sdivehtity
w. Thatis, it returns the set of all type-variabl@svherea occurs within a maybe type ag 7.

miv(o) = {}

mtv(unit )= {}

mtv(bool )= {}

mtv(alry) = o Umtv(ry)
mtv(7]75) = mtv(r), wherer £ «
mtv(7) = mtv(7)

mtv(¥Ur) = mtv(r)

mtv(ry — 72) = mtv(r1) U mtv(rs)
mtv() = J mtv(r;),Va;— 1, €T
mtv(Z) = J mtv(r;), VL, — 7, € X
mtv(e) = |Jmtv(r;),V7; €e
mtv(@) = J mtv(w)

Definition 12 (NTVs). The set of unconstrained variables is defined as:

ntv(a) = {a}

ntv(unit )= {}

ntv(bool )= {}

ntv(al7y) = ntv(ry)

ntv(r|75) = ntv(7), wherer # «
ntv(ir) = ntv(r)

ntv(¥r) = ntv(r)

ntv(r1 — 72) = ntv(r1) Untv(ra)
ntv(l) = YUntv(r;), Vo, —7, €T
ntv(X) = Jntv(r;),VL;— 7, €%
ntv(e) = Untv(r;),V71; € e
ntv(@) = Y ntv(w

Definition 13 (TVs). The set of all type variables in a solvable entity is given W) Tunction, defined as follows:

tv(w) = mtv(w) U ntv(w)

tv(@) = U tv(w)
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Note that this function is different from FTV(), defined in frétion 10.

Vi=1..n {wil=Cs
{|®|} = @ {|w1! EEY) Wn|} = Ucz

Definition 14 (Constraint Set Extraction)

{lwrl} = C1 {walt = Co
floaly Uflwals =C1UC,

V orilrer, Ci = {r; = S(r)} Vr7iee{r}=0C

{rh=Uc {lef =UC:
Ve el  {rilt=C; VoLermeX {n=C
{rr=ud: {Z=UC¢

Definition 15 (Consistency of Maybe types)Ve identify the following consistency property on maybesyp
Va, 7,7 suchthatr |7 € W, 7= aor 7 = (1)
V alrandalr €@, 7=7" mtv(w) Nntv(w) =0

F{w}

Definition 16 (Constraint Set Closure)A closure operatiorlose(C) on a constraint sef produces an equivalent set
of atomic constraints by using the copy coercion rules ddfind=igure 3 (note that this conversion is total); and by
explicitely adding all transitive relationships. This aa@mnsion does not affect the MPCsdn

1. close({r1 — 72 =i 7) = 75} UC) = close(CU {11 <: 7}, T2 <1 7h, 7 <71, 7h <0 T2})
2. close({ftr x: 7'} UC) =close(CU{r x: 7/, 7' Z: 7})

3. close({U7 x: U7’} UC) = close(CU{T x: 7/, 7/ %:7})
4

. close({T1 %: T2, T2 XT3} UC) wherer; 5: 75 ¢ C
:close({n <XiTo, T2 XT3, T1 %:Tg}UC)

5. close(C) where none of the above casesare applicable

Definition 17 (Normalization of Constraint Sets)rhe normalization functioiN(C) is used to obtain a normalized
form of a constraint sef by re-writing it only in terms of closed subtype constraints

N(C) = close(C") whereC’ is obtained fronC using the normalizing translations:

o [11=72] ~ [11 < T2, T2 0 T ]
o [r1 X 7a] ~ 11 %0, T2 X0 ], where =, .

Definition 18 (Canonical forms of Solvable Entitiesfor anyw such that() k&, {w[}, we writew to represent the
equivalent entity in which (1) all meta-constructors in daly interpreted, and (2) the (tautological) constraints
embedded withio are removed to obtain an equivalent unconstrained entity.

For example, ifr = ¥bool |bool ,thenr = ¥bool .

Definition 19 (Constraint Satisfiability) A Substitutior® satisfies a constraint s€t, writtené =, C iff N(6(C)) con-
sists only of tautologies (trivially).

36 suchthat , C

Definition 20 (Consistency and Acyclicity)

= C
V [a— 1]and [ — 7']in §,a # 3
= 0
Vagitorag:TeNC), =)V (r=%a)V (a¢T)

'fcyc
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9:[0[>—>T]O€l Oé%T 'ﬁy[aHT]<9/>

R O =
'ﬁt C 'ﬁy C '?st 0 'fcy 0
=C =0

Definition 21 (Type Inference) Type inference is a program transformation that acceptsaym@m in whichlet
expressions are not annotated with their kinds, and retthesame programs in whidet expressions are annotated
with their kinds and all expressions are annotated withrthgies.

should be understood
as: given the binding contektand the store typing., we infer the type- for the expression. 6 is list of substitutions
obtained by unifications performed during inference, andgtnime propagated to further derivations. The judgment
£, @ identifies new type variables.

We use the following shorthand translations as a notatiooavenience. The translations defined in section 7.2 are
repeated here.

Y¥bFexir]~ ke, 7x:7]
IXheir]~[;Zke:7] ()]

0o || T3 5k e 07 [ 0] ~ [00(T); 00(%) - Oole) : 7 || 0]
O T2 Ferr] ~ [0(T); 0(X) F 0(e) : 6(7)
0T X err]~ [6(T); 6(%) & 6(e) : 6(r)
O T3k e 7]~ [0(T); 0(%) - 6{e) : 0(T)]
{31~ [0({--D]

0[] ~ [0l [D]

(
(

© N o 0 & w NP

[
[
[
[
[
[
[
[

Unification rules are as shown in Figure 8. The unificatiorgjuentd ., 71 = 72 is understood ast; unifies with
To under the substitutio®.

A constraint solver for solving copy compatibility constrs at let-boundaries is defined in Figure 7. The judgment
0; z; e k. T1 > 7o should be read as: the (possibly) constrained typéor the identifierz (possibly) used in the
expressiore is transformed to the unconstrained typeby solving all the copy compatibility constraints.

We prove the soundness of the inference system, throughenmiediate declarative system defined in Figure 5

Lemma 10( =: implies<t:). If 7 <: 7/, thenT <: 7.

Proof. Evident from the definition oK: in Figure 5. Both<: and<: are partial functions on types, bgt clearly
covers all cases thax: relates. O

Lemma 11(<: begets<:). If 7 <: 7/, then3 0 such that)(r) <: 6(').

Proof. By construction of). One possible solution =V a7, € 7, [a — S(71)]. O

Lemma 12(Consistency oK:). If 7 <: 7" and Il {r, 7'}, then¥ @ such tha® =, {7[}, we have)(T) <: 0(7).
Proof. By straightforward induction over the derivation of<: 7/, with case analysis over the definition gf in

Figure 5. A normalizing derivation with no redundant apgtions of reflexive and transitive rules must be considered.
O

Lemma 13(Weakening of Satisfiability and Consistency)eakening of properties over solvable entities:

1. Ifo = CandC’ C C,thend 5, C'.
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2. If 5, CandC’ CC, then |, C'.
3. If IF{w,}, and{w,,} C {w,}, then lI- {@,, }.
4. If IF {@}, then &, {@[}.

Proof. Evident from Definition 19, Definition 20, and Definition 15. O

Lemma 14 (Satisfied constraints are consisterif)d |=, {{@[}, then I+ 6{w&}.

sat

Proof. Due to assumption (3), sincesatisfies all constraints i, we must haventv(6(w)) = (). That is, there
exists noa |7 € A(w). Further, we must also hawe 7|7’ € (@), T = J(r'). Now, from Definition 15, we obtain
I+ 6{w}. O

Lemma 15(Substitution on Declarative Derivatian)f T'; X F e : 7 thend || T; X F e : 7.

Proof. Straightforward induction on the derivation Bf ¥ F e : 7, except for the fact that we should use appropriate
a-renaming on generalized variablés € I, so that generalized variables do not get substituted. O

Lemma 16 (Consistency of Intermediate Derivationf T'; X - e : 7, then - {T", X, e, 7}.

Proof. Evident from the definition of the intermediate type systerfigure 5 (each rule explicitly includes a consis-
tency constraint), and Lemma 13 (weakening). O

Lemma 17 (Substitution Consistency of Maybe types)

1. I+ {w,}

2. {om} < {wn}

3. 0 is a substitution such thalt- {0(w,,)}
4. dom(0) N tv(wy) = tv(wm,)

Then, IIF 8{w,}.

Proof. 1. Due to assumption (1), and Definition 15, we have

(@) Va, 7,7 suchthat |7’ € &, 7 =aorr = (1)
(b) V alranda|T €W, T=7'
(c) mtv(wy,) Nntv(@,) =0
2. Due to assumption (3), Definition 15, we have
(@) VY a, 7,7 suchthat |7 € 6(w,,), 7 =aorr = 3(r')
(b) V alr andalr’ € O{wy), T =1’
(€) mtv(6{wn)) N ntv(8{wy,)) =0
3. Due to assumption (4), we can write= 0, o 65 o 03 such thadon(f,) = mtv(w,, ), dom#s3) = ntv(w,,), and
dom(d3) N tv(w,,) = 0.
4. From cases (2.a, 2.b, 2.c, 1.a, and 3), we can concludevthat, ' such thatr|7' € 0(w,), 7=« or
T 3(7)

5. From cases (2.b, 1.b, and 3), we conclude'that|r anda| 7’ € 6(w,,), 7 = 7'.

=

6. From cases (2.c, 1.c, and 3), we conclude that(f(w,,)) N ntv(0(wy,)) =
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7. From cases (4, 5, 6) and Definition 15, we obtéind{w,, }.

Lemma 18(Partial solutions) If

1. I {@y}
2. {wm}t € {@n}

3. O [, {wmlt
4. dom(0,,) N tv(wy,) = tv(wn,)

Then,

1. k6, {ws}.
2. 36, suchthat, &, 0,.{w.[}, andb,, ..,{wm} = 0., {"m}-

Proof. 1. From assumption (3) and Lemma 14, we conclude that,, {w;,}.

2. From assumptions (1 and 2), case (1), assumptions (4) eandnia 17, we obtairl- 6,,{w,}, the required
conclusion (1).

3. Conclusion (2) can be proved by constructiod.pf One possibility i9,, = [a — S(7)], V alT € 0,,(0r) .
(a) Clearly,d,, &, 0 {wnl-
(b) We know thatdom(#) = mtv(6,,,{|w, [} ).
(c) Due to assumption (3), we must haviev (6., (w,,)) = 0.
(d) By constructiondom(#) N ntv(0,,{[o.[}) = 0, and consequentigon(d) N ntv (6, {{wn[}) = 0.
(e) From cases (3.c and 3.d), we conclude that, {w,,} = 0, {wm }

Lemma 19 (Additivity of Consistent Entities) If

1. IH{@, wn}

2. I {@, @y}

3. (@) Ntv(wy) = tv(D)
Then, I {@, Wn, Wt

Proof. 1.V 7|7 €@, Orw, , if 7 # a for somea, then from assumptions (1 and 2), we must hawe 3(7').

2. Valr; €W, andw, , from assumptions (1, 2, and 3), and Definition 15, we haver( € @, such that
Ti = To-

3. Due to assumption (1), we must hawev(w, @,,) N ntv(w, ©,,) =0. Due to assumption (2), we must have
mtv(w, o,) Nntv(w, w,)=0. This, along with assumption (3) gives usv(w, @y, &,) N ntv(@, W,

wn) = 0.
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4. From cases (1, 2, and 3), and Definition 15, we obt&idw, w,,, @, }.

Theorem 2 (Soundness of Intermediate Systerif)

1.Ih¥ke: T
2.0 T, %, e, 7]}

Thend | T; Xk e: 7.

Proof. By induction on the derivation of; ¥ i~ e : 7 We proceed by case analysis on the last step, assuming
reduction vacuously.

1. Cases J-Unit, J-True. J-False, J-1d, J-Hloc, J-Slocrmialt
2. Case J-Lambda:

(a) Inthis case, we have:
Ne—71,XE5eiT
i I-4{T, X, e, 71, T2}
'Y b dxe: |71] — [72]
i. 0 {T, 3, \x.e;, [71] — [12][}
and we need to show that| I'; ¥ k5 Az.e; : [71] — [72].
(b) It is evident (from the syntactic structure) thf\z.e;[} = {le;}} and {||71] — [2]} = {71, T2f.

Therefore, we can re-write case (2.a.i) &&=, {I, %, e;, 71, 72[}. Similarly, since {T,
7'1|} = {|(F, X — T1)|}, we can writed 'ﬁz {|F, T T1, X, € 7'2|}.

(c) Sincewe hav®, z+— 71; X F e; i m2,andd 5, {T', 2 — 71, %, e;, 72}, frominduction hypothesis, we
obtaind | T,z — 71; 2K e; : To.

(d) 0| T,z 71; 2k e; : 7o isashorthand fof (T', z — 71); 8(X) F 6{e;) : 6(r2), which can be re-written
asf(I"), z — O(11); 0(X) - 0{e;) : 6{72)

(e) From case (2.d) and T-Lambda rule in figure 3, we olélih}; 0(X) - Az.0(e;) : v (0(71)) — A(0(T2)).

() From Definition 18 and Definition 9, it is clear the#(71) | = v(8(r1)), and[0(72)] = A(#{72)). There-
fore, we can writey(0(r1)) — A@{12)) = [8(r1)| — [0{72)] = [0{(71) | — [0{r2)] =0 71| — [T2]).
Itis further evident thahz.0(e;) = 0(Az.¢;).

(g) Substituting the  equivalencies in case (2.f) into case2.e)( we  obtain:
6‘<F>, 6‘(2) [ 6‘(/\511’61) . 6‘<|T1 | — (T2~|>. That is,6’ H I'YE Az.e;: |_7'1J — (T2~|.

3. Case J-App:

(a) Inthis case, we have:

(A) F;El;el L T1
(B) 71 < |Ta] = [7/]

(C) F,Ebeg T2

i (D) 7o < C\\Y(Ta)
(B) 7 <:S(7)

(F) LT, %, ey, ea, 7, 71, T2, [Ta] — [7+]}
IT¥Xberea:
i. 0, {T, %, ey ea, 7[}.

We need to show thakt|| T'; Xk e eq @ 7.

(b) From case (3.a.ii), we obtath=, {|T", 3, ey, e2, T}
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(c) i. From case (3.a.i.F), we have {T', X, e1, e2, 7, 71, T2, |7a] — [7+]}.
ii. Clearly,{T, %, e1, ey, 7} C{T, %, e1, ea, 7, T1, T2, |Ta] — [T+]}.
ii. From case (3.h), we havels, {T', ¥, e1, eq, 7|}
iv. We can assume thabom(#) N tvs({T', X, ey, ea, 7, 71, T2, |7a] — [7+]|}) =tvs({T, 3, eq,
ea, T}), because this property can be obtained by suitabtenaming using fresh type variables.
The only common type variables that need to be common to betldé¢rivations are those presentin
T'orX.
v. Now, from cases (3.c.i, 3.c.ii, 3.c.iii and 3.c.iv) andnima 18, we conclude that6” such that if
0" =0" o §, we have
A 0" = T, X, e1, ea, 7, T1, T2, |Ta] — [7+][}, and therefore,
0 E AT, %, ey, ea, 7, 71, T2, [Ta] — [7+]]}-
B. 9’{1—‘, E, e1, €2, T}=9{F, E, €1, €2, T}.
(d) From case (3.c.v.A) and Lemma 13 (weakening), we obtain

i 0 AL, X, e1, 11f}
i. 0k {I, X, ea, 72f}
(e) From case (3.d.i), and induction hypothesis with resp&c case (3.a.i.A), we conclude that
0’ HF,Z'; €1 :T1.
() From case (3.d.ii), and induction hypothesis with retpéo case (3.a.i.C), we conclude that
0’ HF,Z'; €9 1 To.

(g) From cases (3.a.i.F and 3.c.v.A), and Lemma 13 (weakgniwe obtain IIF{ry, |7.] — [7+]}
and ¢k {r1, |7a) — 7]} Now, from case(3.a.i.B) and Lemmal2, we obtain

0'{t1) : 0 {{7a| — [7.]). Thatis,f' (r1) <: V(0 {74)) — A@ ({1)).

(h) Similarly, for case (3.a.i.D), we obtaft\(r5) <: 0’ (S(7,)). Given case (3.c.v.Ap (12) = 0" (S3(7,)). For
any two types”’ andr” such that’ = 7", we haver’ x: ('), andr” <: /(7). Therefore, we conclude
thatd’ (3(74)) <: V(0 (74)). We can now writd)’ (12) <: /(0 (14))-

(i) Similar to case (h), from case (3.a.i.E), we obtaif¢’ (3(7,))) =: 6/ (7).

(j) From cases (3.e, 3.f, 3.9, 3.h, and 3.i) and the T-Appinufegure 3, we obtaind’ | T'; Xk ey eo : 7.

(k) From cases (3.}, and 3.c.v.B), we finally conclude thatl; X 1 ey eq @ 7.

4. Cases J-If, J-Dup, J-Deref, J-Set, J-Tgexpr, J-Let-W[d@iqd J-Let-P[Tq] are similar.
O

Lemma 20(Substitution on Intermediate Derivationf T'; ¥ - e : 7 and# is a substitution such that+ 6{T, %, e,
Ththend | T; X Ee: 7.

Proof. Straightforward induction on the derivationBf X i e : 7, similar to Lemma 15. O

Theorem 3(Correctness of Unification)lf § F,, 71 = 72, then:

1. 0(r1) <: 6(r2) andf(r2) <: 6(7y)

2. E{m1}, and {72f} implies & 0{ 71, 72|}
Proof. By straightforward induction on the derivation &ft,,, 71 = 5. O

Lemma 21 (Consistency of Unified Types)f 6 k., 71 = 72, then:

1. IIF {w, T1, Tg}imp”es I+ 9{5, T1, 7'2}.
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2. I-{w, T}, andll- {@, 7o} implies I+ 6{w, 71, 72}.

Proof. By straightforward induction on the derivation &ft,,, 71 = 5. O

Theorem 4(Correctness of the Constraint Solvelj 0 | 7 :>> 7/, thend E, {7[} andf(r) = 7’

Proof. By straightforward induction on the derivation®f- 7 :> 7/, noting that the solver infers compatible types at
steps Sol-Ct-Var and that the Sol-Ct-Const explicitelyaisefor compatibility. O

Lemma 22 (Corollary to Correctness of the Constraint Solvef)d . 7 :>> 7/, thenf &, {r[} andd(r) = 7/

Proof. Follows from Theorem 4 and the definition &f,,. figure 7. O

Theorem 5(Totality of the Constraint Solver)lif &, {7} then3 6 and7’ such that) |; 7 :> 7.

Proof. Evident from the definition of the solver in figure 7. O

Theorem 6 (Uniqueness of Solutions Produced by the Solvéfry’ i 7 :> 7/ and0” s 7 :>> 7", thend’ = §” and

=7

Proof. Evident from the definition of the solver in figure 7. O

Theorem 7(Decidability of Unification) If &, {71} and k=, {|/72[}, then, a normalizing derivation &f I, 71 = 75
where no two uses of U-Commut occur consecutively is deleidab

Proof. The unifier and constraint solver builds a solution tree byagk invoking itself types havingmaller shapes
of types (after eliminating redundant uses of the U-Commlg)r Since types are of bounded size and acyclic, and
since unification itself does not produce any cycles (Thedg these derivations must be bounded. O

Theorem 8(Decidability of the Constraint Solver)f = {|7[}, then, the derivation af i 7 :>> 7' is decidable.

Proof. Similar to Theorem 7. O

Lemma 23(Structural Isomorphism)lf 71 <: 75 andry <: 74, then for any substitutioi, we haved(r1) <: 6(r3)
andd(ry) <: 0(71).

Proof. Since we have both; <: 75 and7s <: 71, the two types; andr, must be structurally equivalent expect for
the fact that one of the types can be of the fartn’, and the other of the form. The conclusion is thus evident[d

Lemma 24 (Consistency of Heuristic Type Inferencdj: T'; X e: 7| § and IIF {T', X} then, lI- 6{T", X, ¢, 7}

Proof. By induction on the derivation df; ¥ | ¢ : 7 || 8, noting that (1) all maybe types are introduced through new
type variables, (2) the two parts of a maybe type are nevearaggd once constructed (3) all substitutions produced
during inference are obtained from the unifier or the solwerjch preserve consistency according to Theorem 3
(property 3), and Theorem 4. O

Lemma 25 (Type Variable Propagation)lf: T'; Xk ey:71 |61 and 6y || T; Xk ea: 72 02, thentv(fya(eq,
Tl>) N tV(91.2<62, 7'2>) = tV(91_2<F, Z>)
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Proof. By straightforward induction on the derivation éf || I'; X 5 e2 : 72 || 62. This derivation happens in an en-
vironment that already contains the substitutions obthfnam the first derivationd,. All of the cases in the second
derivation either use (1) primitive types that do not altex type variables involved, (2) types (and thus type vaeigbl
from 6, (T") or 6, (%), or (3) new type variables. Therefore, it is evident that{df} = tv(7), V 7 € rangg6-) ,
we have @om(fz) U {a} U tv(0;12(e2, 72))) Ntv(0i{e1, 71)) =tv(01(T, ¥)). From this, we can conclude that
tV(91,2<€1, T1>) n tV(91,2<62, 7'2)) = tV(91,2<F, E>)

Note: For the sake of simplicity, type variables present as typaifications that are unbound in the environment are
treated as fresh type variables. For example, the expregsiotruethen ¢, : aelse es: a, wherea ¢ tv(T', X)
is equivalent taf truethen e, : S else es:~, where |, 5. This formulation obviates the need for tracking

ew

type variable scopes in the environment. If necessary, lesnate behaviour can be obtained by introducing dummy
bindings (ex: through an lambda expression that encompa#isxpressions that must be in scope of a type variable).
O

Theorem 9(Soundness of Heuristic Type Inferencé) T'; XLk e: 7|6 and lI- {T', X} then,d || T; Xk e: 7.

Proof. By induction on the derivation df; X k¢ : 7 || . We proceed by case analysis on the last step, assuming
a-reduction vacuously.

1. Cases I-Unit, I-True. |-False, I-1d, I-Hloc, I-Sloc areial.

2. Case |-Lambda:

(a) Inthis case, we have:
A Tye—o;Xke; 7] 0

(B) .«
;X b Aze; : |0{a)] — [7] 0

ii. IF{r, ©}
We need to show thakt|| T'; ¥ 5 A\z.e; : [0(a)] — [T].

(b) From case (2.a.ii), conclusion of case (2.a.l) and Leritha we obtain IF6{T", 3, Az.e;
[0{a)] — [7]}. This can be re-written a#- 0{T", X, e;, a, 7}.

(c) From cases (2.a.iiand 2.a.i.B), we can wiite{T’, z — «, X}.

(d) From cases (2.a.i.A and 2.c), from induction hypothesesconclude that || T, 2 — a; X ks e; @ 7.

(e) From cases (2.d and 2.b), and the J-Lambda rule in figwe Bbtaird || T'; ¥ = Az.e; : |a| — [7]. This
can be equivalently stated ab|| I'; © 5 Az.e; @ [0() ] — [T].

3. Case I-App:

(a) In this case, we have:
(A) TI'Ekei 7] 64
(B) 01| TsXex:7a |02
Q) b5 Ky O2(m1) = BU([S] — [e])
. (D) 0o by T2=71V(0£(6))
(BE) 7=elv(0ar(a))
(F) k., aByée
F; Y '7 €1 €2.T || 91.2.f.a
ii. IF{D, £}
ii. 6= 91.2.]’.(1
We need to show tha || I'; X k- ey es i 7.
(b) From cases (3.a.i.A and 3.a.ii) and induction hypothese can write¢; | T'; X F eq @ 71.

(c) From cases (3.a.iiand 3.b) and Lemma 24, we obttaif, {T', X, e, 71}.
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(d) From case (3.c) and Lemma 13 (weakening), we obt&i,{I", ¥}. Using this result along with
case (3.a.i.B) and induction hypothesis, we obtain || T'; X & e : 7.

(e) From case (3.d) and Lemma 16, we obtéind, (61 {T', X, e, T2}).

(f) From cases (3.b and 3.e), and Lemma 20, we ol#tain|| T'; X k- e1 : 71.

(g) From case (3.f) and Lemma 16, we obtdiind, o{T", 3, e1, 71}.

(h) From cases (3.a.i.,A and 3.a.i.B), and Lemma?25, we obtaitv(612(e1, 71)) Ntv(01.2(ea,
T2>) = tV(91'2<F, E>) This can be written aS:V(912<F, >, eq, T1>) n tV(91V2<F, >, es, T2>) = tV(91'2<F,
).

(i) From cases (3.9, 3.e, and 3.h), we obtéind, »{T", X, ey, 71, €2, T2}.

() ltisevidentthatll- 6, o{T, X, e, 71, ea, T2, BL(|d] — [a])}, sinces, v, andd are new type variables
(from case (3.a.i.F)).

(k) From cases (3.a.i.C, and 3.j) and Lemma 21-conclusipm@ obtainllF 6, 2 ({T', X, e1, 71, e2, T2,
BL(LS] — [}

() From case (3.a.i.C), and Theorem 3-conclusion(1), weehéy ;(T,
07 (BL(10] — [ar]))y <: 02 r(T1). This can be equivalently written ds o (
andfy 2. ¢ (BL([0] — [a])) < b12.4(T1).

(m) From case (3.a.iii), we know thét= 6, » ;.. Similar to cases (3.j, 3.k, and 3.I), from case (3.a.i.D) we
obtain:

) L 0p(BL([0] — [a])) and
71) <0105 (BL([0] — [a]))

L IEO{T, 3, e1, 71, e, T2, BL([] — [e]), vIv(05(0))}
i, 0(r2) <2 0(y17(04(5))) andB(y |70 (6))) <: B(r2).
(n) i. From case (3.m.i), and Lemma 13 (weakening-conctugsy), we obtainli- 0{T", %, e;, 71} From
this, case (3.b), and Lemma 20, we obt@ilhT; X 1 ey : 7.
ii. Similarly, from case (3.d), and Lemma 20, we obtifiI"; ¥ & es : 7.

(0) From case (3.m.i), and Lemma 13 (weakening-conclu@pn (e obtainll- {T', X, ey, 71, ea, T2,
BL([6] — [«])}. From this, it is evident thatl- 6{T", 3, e, 71, es, T2, |0] — [«]}. Now, from
cases (3.m.1 and 3.a.i.E), sincés a new type variable, arfl), ;(a) = 6(«a), andf{«) € 6(|5] — [a]),
we conclude thatl- 0{T", %, e, 71, e2, 72, [0] — [a], T}.

(p) From case (3.) and Lemma 23, we obtain (as one of the asiels):0(r1) <: (G (|J] — [«])), from
which we can conclude th&{r;) <: 6(|0] — [a]).

(9) From case (3.m.ii), we haved(rs) <:0(y|v7(0;(d))), from which, we can conclude that
0(T2) <: 0(7(0(5))), and thereford(r2) <: 7(6(0)), and thug(r2) <: I(6(5)).

(r) For any typer’, it is evident from the definition ofs(7’) in figure 6 thatsy(') <: (/). Therefore,
V(0{c)) <: 3(6{r)). From this, itis evident that| 7 (6{«)) <: (0(«)). Now, from case (3.a.i.E), (since
0. r () = 6(c), andb(7) = 1), we can writed{a) <: I(0(7)).

(s) Now, from cases (3.n.i, 3.p, 3.n.i, 3.q, 3.r, and 3.0y ahe J-App rule in figure 5, we obtain
9”1—‘;E|761 €o . T.

4. Cases I-If, I-Dup, I-Deref, I-Set, I-Tgexpr, I-Let[Tgleasimilar.
O

Theorem 10((Direct Statemet of) Soundness of Heuristic Type Infeeggnf T'; X ke : 7 || 6, and lI- {T", X}, then,
V05 suchthat; &, 0.{T, X, e, 7|}, we have), , | T; Xk e: 7.

Proof. Follows from Theorem 2 and Theorem 9. O

The inference algorithm is not complete. For example, we noan type the expression
let id =dup(Az.z)in id":= id~ without the help of an annotation fad.
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8 Related Work

Grossman [5] provides a theory of using quantified types imitherative C style mutation ar@operator for Cyclone.
However, his formalization requires explicit annotationéll polymorphic definitions and instantiations. Sincea@dq
Cyclone) have no notion of immutability, both languagesuiegjexplicit annotation of polymorphism. In contrast,
we believe that the best way to integrate polymorphism ihtodystems programming paradigm is by automatic —
albeit incomplete — inference. A further contribution ofromork (in comparison to [5]) is that we give a formal
specification and proof of correctness of the inferencerélyn, not just the type system.

C’s const notion of immutability-by-alias offers localized checgirof immutability properties, and encourages
good programming practice by serving as documentation efi@mmers intentions. Other systems have proposed
immutability-by-name [2], referential immutability [226] (transitive immutability-by-referencegtc. These tech-
nigues are orthogonal and complementary to the immutgdilitlocation property in BitGB. For example, we could
have types like (conskT) that can express both global and local usage propertietoatsion.

A monadic model [14] of mutability is used in pure functiot@hguages like Haskell [15]. In this model, the type
system distinguishes side-effecting computations frome mnes (and not just mutable locations from immutable
ones). Even though this model is beneficial for integratiath werification systems, it is considerably different
from the normal programming idioms used by systems prograremrFor example, Hughes argues that there is no
satisfactory way of creating and using global mutable \@eis using monads [6]. There have been proposals for
adding unboxed representation control to Haskell [13, wElver, these systems are pure and therefore and do not
consider the effects of mutability.

Cqual [4] provides a framework of type qualifiers, which canused to infer maximatonst qualifications for

C programs. However, CQual does not deal with polymorphi$ntyjpes. In a monomorphic language, we can
infer types and qualifiers independently. Adding polymasphto CQual would introduce substantial challenges,
particularly if polymorphism should be automatically imed. The inference of types and qualifiers (mutability)
becomes co-dependent: we need base types to infer qualifigrsve also need the qualifiers to infer base types due
to the value restriction. Bit@ supports a polymorphic language and performs simultanedeence of base types
and mutability.

9 Conclusions

In this paper, we have proposed a type system that integafiteSunboxed representation, well-founded first-class
mutability, and polymorphism. The mutability model is egpsive enough to permit mutation of unboxed/stack loca-
tions, and at the same time guarantees that types are defialitout the mutability of every location across all aliases
This type system meets the requirements for systems pragigrianguages.

First class mutability introduces challenges for type iafece at copy boundaries. There is a fundamental conflict
of goals between the inference of principal types and copypatibility. We have proposed an inference algorithm
that resolves this conflict through a combination of hintmgchanisms and selective heuristics. This algorithm is
deterministic, does not require whole program analysid,ramimizes programmer annotations in the common case.
We have provided a formal framework for this type system, emplemented it as part of the BitC compiler. The
source code can be obtained fréwtp://bitc-lang.org

The bootstrap compiler for BitC has been implemented4+C Currently, the backend emits portable C code. The
core of the compiler involves 28,686 lines oftG code, of which implementation of the type system accounts fo
about 6,894 lines. An informal description of the infereatgorithm for full BitC can be found in [24].
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